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PREFACE 


Since there is hardly a single field of applied mathematics in which Bessel Functions 
do not appear, our Committee learned from many sources that a modern Guide to Tables of 
Bessel Functions would fill a great need at the present time. Only two previous guides are 
worthy of mention, namely: those of G. N. Watson, A Treatise on the Theory of Bessel 
Functions, Cambridge, 1922, p. 654-664; and of R. v. Mises, Verzeichnis berechneter Funk- 
tionentafeln . . . Erster Teil, Besselsche, Kugel- und elliptische Funktionen, Berlin, 1928, 
p. 7-19, 29-30. After more than a year of preparation to meet this need, Special Number 
MTAC7 is now being distributed. H. B. had devoted several years of research to his Report 
on Higher Functions, which was in an advanced stage of preparation for presentation to 
the Committee, when the call came for this new Guide. 

The manuscript of such a Guide in 18 Sections and a Bibliography, selected by H. B. 
from material of his Report, and embracing most of the matter now presented, was sent to 
the editors in July 1943. In constant consultation with H. B., R. C. A. worked through this 
manuscript, considerably modifying its form, and adding new references. In the rearrange- 
ment the number of Sections was reduced to 13. In the first manuscript various portions of 
the present Section XIII, on “Polynomial Approximations and Asymptotic Expansions,” 
were to be found in several Sections. Then came the final stage of constant collaboration of 
H. B. and R. C. A., checking and rechecking of Sections I-XII. H. B. is alone responsible 
for XIII. 

The general plan of the Guide is indicated by the table of “Contents.” There are two 
main Parts. Part I, divided into 13 Sections, consists chiefly of that portion of the Guide 
where various known tables and graphs are listed with their authors. Part II is the Bibli- 
ography with details concerning the publications of the authors mentioned in Part I, notes 
on errata, and other bibliographic material of interest. Each of the Sections I-XII of Part 
I has an Introduction in which not only are notations of the Guide defined but also some indi- 
cations are given of other notations employed in standard sources. (For “General Remarks 
on Notation” see at the end of this Preface). Sometimes an Introduction also includes 
certain formulae and explanatory comment which may be of interest or of assistance to a 
consulter of the Section. Following the Introductions are references to Tables and Graphs, 
those of a kind being brought together when possible. For the purposes of this Guide the 
term Table has been interpreted very freely, since only two or three, or even a single nu- 
merical result by a given author may sometimes be listed, because of possible practical 
service. Since graphical representations are coming into prominence in current papers, 
memoirs, and books, apology for this first comprehensive assembly of references to such 
material is hardly necessary. 

For each Table in the main part of the Guide the author, and exact range are given. The 
author is referred to by his name without initials, if there is no other author of this name 
in the Bibliography, where details of the source are set forth. If there is not more than one 
entry to the author’s credit no number follows his name in a reference. In such a reference 
as ArreEy 27, however, this refers to no. 27 of the 35 entries in the Bibliography under the 
name of ArrEy, who easily “leads all the rest’’ in the total amount of his tabular contribu- 
tions. When a Table has appeared in more than one edition (in part or as a whole) subscripts 
are often used in connection with the corresponding numbering of entries, as in the case 
of BourGET 1; to lis. 

Two features of the Guide which the undersigned regard as of special importance are 
(1) the complete listing of every known Unpublished Table of Bessel Functions now avail- 
able for consultation; ! (2) the assembly of information regarding known Errors in the tables 
recorded. In every case we have attempted to indicate the author or the discoverer of the 
errors, with exact references to their places of publication, when published. In some cases 
such lists are reprinted. But a number of errata lists appear in print for the first time in 
this Guide, see, for example, under BESsEL, Karas, MACLEAN, TOLKE. Since the listing of 
such Errata ought materially to assist anyone using material listed in this Guide, we should 
be grateful for the receipt of reports on other errors so that they may be recorded in later 
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numbers of MTAC. In a few cases we have put in bold-faced type the name of an author 
of a table which, for one reason or another, we regarded as of outstanding importance, even 
though another might be almost as good. 

In the Bibliography we have generally given the complete titles of books, doctoral dis- 
sertations, and mathematical contributions in programs, to which we have referred, and in 
cases where a volume contains a number of tables necessary for listing in our Guide (such 
as JAHNKE & EmpE, and WarTSsON 3), we have usually indicated enough of the contents to 
make clear the type of every such table in each volume. In the case of tables in serials we 
have however with regret omitted all titles of articles or memoirs to which references are 
given for tables or graphs. This was done to conserve space, while we fully realized that a 
suggestion as to the field in which a table was prepared may of itself be of considerable 
interest. On the other hand the title of the periodical will often suggest a partial answer to 
such a thought, and after all, the chief purpose of this Guide is to answer the questions, 
Have any tables of such and such functions been published? If so, where and with what 
ranges? 

In the case of various entries of the Bibliography we have intended to give only the 
page numbers where the tables or graphs may be found. In this way it is in general un- 
necessary to add page numbers to the author names in the main body of the Guide. In every 
case, however, where difficulty or delay might arise, page numbers have been added. Two 
types of such difficulties may be illustrated. There are, e.g., various page-references to the 
volume by Morsg; the first four references at least are of the form Morse, p. 175. Again, 
in listing tables of Yo(x), Y1(x), page references would be given, e.g., to JAHNKE & Empe 1,, 
p. 190-197, because these functions are there called No(x), Ni(x). Functions in such a source 
with the same name as in our Guide could be readily found so that our addition of page 
references to a name would then be unnecessary. 

The forms of our titles of serials were determined by the monumental new Union List 
of Serials (New York, 1943, 3065 large 4to pages) which gives full details concerning ranges 
of each serial, and tells of the location of all periodicals in many libraries of the United States 
and Canada. By means of interlibrary loans, and visiting of other libraries we were enabled 
to inspect practically every listed serial and every listed book or pamphlet. Exceptions are 
indicated by the usual notation of MTAC, with a o before the titles. In the case of some 
items which we had much difficulty in finding, the names of the libraries owning them have 
been noted in the Bibliography. Most printed items are, in some form, in the Library of 
Brown University. Comparatively few of the various mss. which we list have been seen by 
us, but in no case is a o used here. 

We have mentioned that for every author of a table referred to in our Guide there is at 
least one corresponding entry in the Bibliography. For every main author’s name in the 
Bibliography are Roman numerals such as [I, V, XI] showing the Sections where there are 
direct or indirect references to tables of the author in question. An example of an indirect 
reference is XI under HayAsut 2. This is referred to in the Guide from SCHLEICHER, where 
the HaYAsHi edition of the table is listed as 12. In Part II are many authors indirectly 
referred to in Part I. In two cases of Section IX, for example, where tables are listed only in 
the Introduction, after each of the references in the Bibliography is [IXi]. 

Names in Introductions, and in Section XIII, are listed in a separate index. 

For the most part the nature of our abbreviations will be perfectly obvious. B.A.A.S. 
= British Association for the Advancement of Science, and BAASMTC = B.A.A.S., Mathe- 
matical Tables Committee. So also NYMTP = Mathematical Tables Project, New York; 
A.LE.E. = American Institute of Electrical Engineers; A.S.M.E. = American Society of 
Mechanical Engineers; A.S.C.E. = American Society of Civil Engineers; R.A.S. = Royal 
Astronomical Society; A is used for first differences, A* for first and second differences, etc., 
& for second differences only, 5m? for modified second differences; 6D = 6 places of decimals; 
6S = 6 significant figures; p. 234f = p. 234 and one or more of the following pages; 
(2m + 1)!! = 1.3.5 --- (28 + 1); T. = Table; var. = various. In MTAC, p. 2, we have 
already indicated the basis for our transliterations from Russian. We do not necessarily 
accept the forms of transliterations of names into English by Russians. 





re 


ie- 


—— ee 





REMARKS ON NOTATION 209 


We are deeply indebted to Professor W. G. BicKLEy, of the Imperial College of Science 
and Technology, London, and to Dr. J. C. P. MitsEr, for exact information concerning 
tabular achievements of the remarkable BAASMTC (which has for 55 years been publish- 
ing tables of Bessel Functions), and to Dr. MILLER for other information, connected with 
his name in several places. 

But especially do we wish to record our great obligations to the Liverpool Index, not 
only for ten out of a variety of titles which we had overlooked, but also for many suggestions 
which improved the form of presentation of our material. The ten titles were by the following 
authors: Buxton, ConraDy, EppINGTON, HARTREE & JOHNSTON, NANCARROW, NICHOLSON, 
SILBERSTEIN, SMART, WITKOWSKI, YOsT WHEELER & Brett. There is renewed acknowledg- 
ment where these names occur in Part II. 

In spite of the great care we have taken to be exact and accurate in our statements, 
numbering many thousands, we can only reasonably hope that our slips of a major nature 
have not been too numerous. That we have not discovered a number of tables of importance 
seems almost certain. Reports which we may receive concerning such slips or lacunae will 
be gratefully acknowledged. 

H. B. 
zc A, 


* 


GENERAL REMARKS ON NOTATION 


The notation used in this Guide has been chosen so as to agree as far as possible with 
that used by English writers. Thus J,,(x) is used for the Bessel function of the first kind and 
Y,,(x) for the Bessel function of the second kind which for large positive values of x have 
the asymptotic forms 


J, = (4nx)-4cos Xn, Yn ~ ($ex)~ sin X,, 


respectively, where X, = x — (m + 4)4x. The notation N,(x) used for the second function 
by some German and American writers is not used here partly because the symbol N,(x) 
is needed for another purpose in Section XI. For real values of x it is convenient to adopt 
Hankel’s notation 


H,™(x) = Jn(x) + i¥n(x), H,®(x) = Ja(x) — #Y¥,(x), 
for the functions with asymptotic forms 
(fiwx) teste), (— dixx) teen), 


which are so useful in the theory of the propagation of waves. This notation must not be 
confused with the notation H,(x) used for the Struve function of Section IX, the symbol 
S,(x) used by JAHNKE & Embe being rejected because this symbol is needed in Section IV 
for one of the Riccati-Bessel functions. As, moreover, the symbol C,(x) is also needed for a 
Riccati-Bessel function the notation for the Clifford function has been modified into Cl,(x). 
For the zeros of J,(x) the symbol j,,. is used for the s-th positive zero but when nm = 0a 
special notation x, for the s-th positive zero has been adopted, primes being added to denote 
the zeros of the successive derivatives of this function. 

In the asymptotic expansions of J,(x) and Y,(x) the notation used is like that in WaItT- 
TAKER & WATSON, Modern Analysis, except that U,(x), Va(x) have been replaced by 
tn(x), Un(x). 

1 This statement is not now strictly true. After it was written we were privileged to see 
the first proof of pages (by J. C. P. MiLtER) dealing with tables of Bessel functions in the 
forthcoming Index of Mathematical Tables prepared by the Liverpool mathematicians, A. 
FLetcHer, J. C. P. MILierR, and L. RosenHEAD. In this Index (which we shall call the 
“Liverpool Jndex’’) are references to more than 30 ms. tables of Bessel Functions, to which 
we make no other reference. The Scientific Computing Service, London, publisher of the 
Liverpool Index, hopes that the volume may be simultaneously issued in England and 
America, late in 1944 or very early in 1945. Dover Publications is likely to be the American 
agent. 








Part I 


Guide to Tables and Graphs; Polynomial 
Approximations and Asymptotic Expansions 


I. BrssEL FUNCTIONS OF THE First KIND AND INTEGRAL 
ORDER J,(x) 


For all values of a solution of the linear differential equation 
(1) xy” + xy’ + (x? — n*)y = 0 


is the function J,(x) defined as 


oe 


(2) DX (— 1)*(ox)"*/[s!(m + s)!] = (Gx)"An(x)/m! 


s=0 


a power series which converges for all values of x and so represents an entire 
function. This solution of the Bessel equation (1) is called a Bessel function 
of the first kind.' It is obvious that J_,(x) is also a solution, and independent 
of J,(x) except when m is an integer and J_,(x) = (— 1)"J,(x). 

The relation (2) may be written 


(3) An(x)=n!(3x)—"J,(x), and therefore Ao(x)=Jo(x), Ai(x) =2J1(x)/x. 


For our values of m, J,(x) may also be defined by 


(3x)"/[(m — 4) tar] £- cos (x cos ¢) sin” ¢d¢. 
0 


The series (2) occurred in the solution of Kepler’s equation 
M=E-esinE, 


which was found about 1769 by J. L. LAGRANGE when he just used the’ ex- 
pansion theorem which he had first discovered to express E as a power 
series in e. He then transformed this series into a trigonometric series 


E=M+2 > sin (nM) J,,(ne)/n. 


BESSEL seems to have been the first to use Fourier’s rule for the coefficient 
in a sine series in this particular case. He thus found the expression 


Jn(x) = (1/7) f cos (nt — x sin t)dt, n an integer; 
0 
when x is real this formula shows that — 1 < J,(x) < 1. The function 
J,(x) was also found to satisfy the recurrence relations 


Jn—1(%) + Jnyi(x) = (2n/x)Jn(x) 
In—1(%) — Inga(x) = 2Jn'(x) 
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which are also satisfied by other suitably defined solutions of the differ- 
ential equation which are commonly called cylindrical functions. 

In investigating the diffraction of an object glass with circular aperture 
Arry 2 was led in 1835 to publish a 4-place table of Ai(x) = 2J1(x)/x, 
x = 0(.2)12. In 1870 Lommet greatly extended this table. In 1889 Mascart 
gave tables of Ai(x) and A,*°(x) for the same range but with parameter 
m = x/2 = 0(.1)6. Independently of Airy ScHwerp published in 1835, 
tables of A;(x) and A;*(x) for 12x/" = p = [0(1)75;5D p > 10,4D p = 10}. 
In degrees the range is p = 0(15°)1125°, and so Schwerd’s table is much 
more extensive than that of Arry 2, for which the extreme value of x is 12, 
or p = 46(690°). Schwerd’s tables give 6 maxima and 6 minima values, 
approximately, 5 outside the range of the larger table, the last values being 
for 1930°. (p about 128.7). Thus we have 12 approximate values of zeros for 
xJy' (x) — Ji(x) = xJo(x) — 2Si(x). 

Already in 1732 Daniel Bernoulli? presented a paper to the Academy 
at St. Petersburg in which he treated the problem of the vibration of a 
heavy string suspended from an end, with the solution leading to a Bessel 
function of the zeroth order; he found approximations (equivalent to 2.406, 
5.547) to the first two zeros of Jo(x). Euler not only arrived at similar results, 
but discussed all Bessel functions of the first kind of zeroth order. (See 
Maggi, and Bécher; ? also Section II, footnote 4). 

Notation: In what follows the s-th positive root of the equation Jo(x) = 0 
will be denoted by x, and the s-th positive root of the equation J;(x) = 0 
by x,’. Since Jo’(x) = — Ji(x) this notation may be extended so that the 
s-th positive root of the equation Jo’’(x) = 0 is denoted by x,”, and so on. 
The s-th positive root of J,(x) = 0 will be denoted in a general way by jz,. 
so that jo. = Xs, jie = Xe. 


J,(x) = It (Bessel’s table) 
= Tj. (HANSEN) = J*(x) (LOMMEL). 
An(x) = fa(x) (NYMTP) = R,_;(x*) (CHAPMAN) 


1F, W. BEssSEL came upon these functions in discussion of planetary perturbations, 
and made the first tables of Jo(x) and J:(x); Akad. d. Wissen., Berlin, Math. Klasse, Abh. 
for the year 1824, Berlin, 1826. The name “Bessei’s function” and the notation J,(x) are 
due to O. Schlémilch, Z. Math. Phys., v. 2, 1857. 

? D. BERNOULLI, Akad. Nauk. Leningrad, Commentarii, v. 6 for the year 1732 and 1733, 
1738, p. 116-119. See also G. A. Maca, Accad. d. Lincei, Atti, s. 3, Transunti, v. 4, 1880, 
p. 259-263; and M. Bécher, New York Math. So., Bull., v. 2, 1893, p. 107-109. 


A;. Jo(x) and J,(x) 


. 103-23D, Hayasni 1, x = .01(.01).05, .1(.1).5,1,2,10(10)50, 100 
. 21D, ALDIs 2, x = 0(.1)6 

. 20D, Hayasat 1, p. 115, x = 1, 10(10)50,100 
. 18D, Havasu 3, x = 0(.0001).0055 

. 18D, Hayasut 1, x = 0(.001).11 

. 18D, MEtsseL 1, x = 1(1)24 

. 16D, Hayasat 1, x = .12(.01).5 

. 15D, H. T. Davis, x = 15.5(.01)25 

. 15D, Hayasat 1, p. 28, x = 15.5(1)24.5, 25 
10. 14D, Arrey 17, x = 9, 10 

11. 12D, Comrie, x = 0(.001)16.(.01)25, A® 

12. 12D, Hayasai 1, x = .5(.01)25.1 
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13. 12D, Havasu 3, x = 25(.01)25.51 

14. 12D, MEISSEL 1, x = 0(.01)15.5 

15. 12D, BAASMTC 6, x = 0(.1)25.5, & 

16. 10D, Arrey 10, x = 6.5(.5)16; see no. 22 

17. 10D, BEssEL, x = 0(.01)3.2, A? 

18. 10D, BAASMTC 1, x = 0(.001)16(.01)25, & 

19. 10D, NYMTP 3, p. 2, x = 0(.01)10 

20. 9 duodecimals, TERRY, x = 0(12-*)1, # 

21. 7D, Watson 3, x = 0(.02)16 

22. 6D, Arrey 10, x = 0(.2)6; see no. 16 

23. 6D, P. A. HANSEN, x = 0(.1)20, with J,,’(x), $Jn!"(x), 3Jn'"(x), n = 0,1 

24. 6D, HamBurG, x = 0(.1)15 

25. 6D, LoMMEL 2, x = 0(1)12 

26. 6D, MEISSEL 3, x = 1(1)10, 16, 20 

27. 6D; 4D, Fow.e, x = 0(.01)4; 4(.1)15 

28. 5D, WiTKOwskKI, x = 0(.01)15.09 

29. 5D, Corr1IncTON & MIEHLE, x = ms, s = 1(1)20, m = 0(1)10 

30. 5D, Hayasur 2, x = 0(.01)16 

31. 5D, Dae, x = 0(.1)15; 0(1)20 

32. 4D or 4S, JAHNKE & EmpE 1; — 15, x = 0(.01)15.5; 11 — 12, x = 1(1)24; 1, — 1s, 
x = 1(1)29 

33. 4D, GLazenapP, x = 0(.02)16 

34. 4D, McLacuian 2, x = 0(.1)15.9 

35. 4D, CLapp, x = 25.3(mostly .3)39.9 

36. 4D, Byery 1 and 2, x = 0(.1)15 

37. 4D, Morse, p. 333, x = 0(.1).2(.2)8 

38. 4D, NicHOLSON 2, x = .1, .4(.1).6, .8(.1)1.2, 1.5(.5)3(1)6 

39. 5D, CoRRINGTON & MIEHLE, x = ms, s = 1(1)20, m = x(x)5x 


A. Jo(x), or Ji(x) = — Jo'(x); functions involving Jo(x) and (or) Ji(x) 


1. 20D; 17D, Ji(x), Hayasut 3, p. 36, x = 1, 2; 3(1)5 

2. 15D, Ao(x) = Jo(x), Hayasut 1, p. 28, x = 15.5(1)24.5, 25 

3. 15D, Jo(x), NYMTP 1, x = 0(1)10 

4, 15D, Ji(x), Havasu 1, x = .1(.1).5, 15.5(.5)25 

5. 14D, Jo(x), Havasu 1, p. 119, x = 22.9(.01)23.1 

6. 7D, Jo(40), HamMILTon 

7. 6D, Ji(x), STEINER, x = 20(.1)31(.2)41 

8. 5D, log Jo(x) and log Ji(x), THiRinG, x/a = 1(1)6, a = .21534 
9. 4D, Jo(x), Arry 4, x = 0(.2)10 

10. 6D, Jo(wx) and log |Jo(rx)|, NaGaoxa 1, x = 1(1)50 

11. 5D, Jo(wx), Hayasut 2, p. 99, x = 1(1)50 

12. 3D, Jo(xx), Conrapy, 180 x = 0(10)600 

13. 3D, Jo(rx), Buxton, 180 x = 600(10)1040 

14. 3D, Ji(¢x), CONDON, x = .05, .1(.1).3; @ = 2/2, 34/2 

15. 3D, 1 — Ji(2x)/x, McLACHLAN & SoOwTER, x = .5(.5)10, .25, .75 
16. 6D, Ai(x) = 2J1(x)/x, LomMEL 1 and 2, x = 0(.1)20 

17. 5D, Ai(x), JAHNKE & EmpE 12 (p. 251), 1; — 15 (p. 181), x = 0(.02)9.98 
18. 4D, Ai(x), Arry 13 and 2, x = 0(.2)12 

19. 4-5D, Ai(x), ScHWERD, 180 x/x = [0(15)195; 4D], [210(15)1125, 1210(180)1930; 5D} 
20. 4D, 10 Ai(x), Conrapy, 180 x/x = 0(40)600 
21. 4D, S(4x) = 2m-4Ai(x), Hamy, x = 0(.2)4.2; compare VII 

22. 4-5D, Ao(x), Ai(x), JAHNKE & EmpE, 12 — 15, x = 0(.02)9.98, A 
23. 4D, 1 — Ai(x), Morss, p. 337, x = 0(.1).2(.2)4(.5)10(1)15 

24. 4D, Ac(x) = Je(x,) Arry 4, x = 0(.2)10 
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. 6D, Ai*(x) = [2J1(x)/xP, KOHLER, x = 1(.02)15.2 

. 6D, A*(x), Lommet 1 and 2, x = 0(.1)20 

. 45D, A(x), ScHWERD, 180x/x = [0(15)150; 4D], [165(15)1125, 1210(180)1930; 5D] 

. 4D, A(x), PERNTER, p. 440, x = 0(.2)12 

. 4D, Ai*(x), Conrapy, 180x/x = 0(40)600 

. 4D, Ai*(x), Gans 4, x = 0(.5)7 

. 4D, 4A42(x), Born, p. 207, x = 0(.2)10 

. 4D, A(x), x = 0(.2)12, Blumer 3 

. 6-7S or D, J1(2x4) /x4, Warp, x = [0(1)5; 7D], [6(1)12,15; 6-7S]} 

. 2-5D, xJi(x)/Jo(x), NANCARROW, x = 0(.01).1(.05)1.5(var.)14.8. Also 7 graphs of 


this function with enlargement of details. 


. 5D, 1 — Je(x) — Ji*(x), NaGaoKa 2, x = 0(.2)3.8 

. 6D, (4/3x)[2Si(x) — J1(4x)], Lommet 1, x = 0(.2)20 

. 6D, (1/6)[Jo(x) + 2Jo(2x) + 3Jo(3x)], Lommet 1, x = 0(.2)7.4,6.59 

. 6D, (2/x) U2(x, x), M*, (2/x) Vo(x, x), Mi, Lommet 2, p. 284, 296, 323, 328, where 


Ui(x, x) = Vil, x) = }sinx, Us(x, x)= §[Jo(x) — cos x], Vox, x) = 4[Jo(x) + cos x], 
M? = (U? + U#)(2/x)*, M2? = (Vi + Ve)(2/x)*. 


. 20D; 17D, Jo(x) — Ja(x) = 2Jo(x) — 2i(x)/x, Havasu 3, p. 36, x = 1, 2; 3(1)5 
. 3D; 4D, 251'(x) = 2[Jo(x) — I(x) /x], NicHoLson 2, x = .5, .6, .8(.1)1, 1.2, 1.5(.5)3(1)5 
. 4D, Jee), xJe(x), Ire), x7IP@), x2), i'@)P, x1Ji'@)P, JP) — (4/32)- 


Ti(x)Ii'(x), xJ P(x) — (4/3)Ji(x)Ji'(x), Caree, x = 0(.1).2(.2).8(.1)1(.2)3.8(.1)4(.4)- 
4.8(.2)6 (var.) 14.8 


B;. Zeros: x, of Jo(x), and Ji(x,) 


. 10D, Davis & KrrxHam, s = 1(1)150 
. 10D, BAASMTC 1, s = 1(1)150 
. 10D, 8D, Wittson & Perrce, s = 1(1)40; x,, 10D; Ji(x.), 8D 


8D, HAMBURG, s = 1(1)40 


. 7D, Atrrey 17 (Wittson & PErrce), s = 1(1)40 
. 6D, Petrce 1, s = 1(1)12 


6D, 4D, Fow ez, s = 1(1)10; x,, 6D; Ji(x.), 4D 


. 5D, Havasu 2, s = 1(1)60 
. 5D, KaLAugne 1, s = 1(1)6 
. 4D or 4S, JAHNKE & Empe 1; — 15, s = 1(1)40 


B:. Zeros: x, only 


. 10D, MEtsseEt 1, s = 1(1)10 

. 7D, Watson 3, s = 1(1)40 

. 6D, Petrce 2, s = 1(1)10 

. 5D, GLazeNnaP, s = 1(1)40 

. 5D, WiTrKowskI, s = 1(1)10 

. 5D, SmirH, RopGers, & Traus, s = 1(1)8 
. 5D, KaALABNE 2, p. 72, s = 1(1)6 

. 4D, Atrey 19, s = 1(1)10 

. 4D, ByerLy 2, s = 1(1)10 

. 3D, BourGET, s = 1(1)9 

. 4D, x,/x, STOKES, s = 1(1)12 

. 4D, x./x, Morse, p. 153, s = 1(1)3 


B;. Zeros: functions of x, 


. 10D; 9D, log x,; log |J:(xs)|, Davis & Kirkwam, s = 1(1)150 

. 10D; 7D, log x.; log |J:(x.)|, WiLLson & PErrce, s = 1(1)40 

. 3D, %s-1/%s, BOURGET, s = 2(1)9 

. 4D, Xe40/%1, Xe40 — X1, KALAHNE 1, s = 1, 2, w = 1(1)4; and s = 3, w = 1(1)3 
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. 4D, For 24 equally spaced intervals, from 0 to x,, abscissae are calculated; for each x 
corresponding ordinates x/;(x) are tabulated in four tables, s = 1(1)4, Perry & Hunt 


6. 5S, 2 (x,.)-™, BuTTERWORTH 1, m = 2(1)10 
a=3 


10 © o 
. 2 xs* = 0.031246, 2 x.-* = 1/32, and 2 x,-? = 1/4, McLEop 
aml e=1 


e=l 
. Exact numerical values for 2 1/x,?, RAYLEIGH, p = 2(2)10; also p = 16 (CAYLEY) 
s=1 


. Exact numerical values for the following summation among others: 
Z 1/x?, (b = 2,4, 6); Z 1/[xPIi(x)(b = 3, 5,7); Z 1/[xrJ2(x)], (6 = 4, 6, 8), 
aml s=1 s=1 


ForsyYTH 


10. 4D, = et, D x,e=*3, Lamp 3 and Tomson, p. 357, x = 0(.02).1(.1)1; also 
s=1 e=1 
z xe? = 1/4. 
e=l 
11. 3D, 1-4 5 e=%, Hit, ¢ = .003(.002).007, .01(.01).05, .07, .1(.05).2(.1).5, .7, 1 
e=l 
12. 4D, (32/x*) 2 Z 1/[(mx.)*(2m + 1)4 + x,4(2m + 1)*2], SraDIE, z = 0, .04, .25, 1, 4, 25, © 
n= s=1 
13. 5D, 2 2e*%°/[x.J1(x.)], OLson & ScHuLtz, @ = .001(.001)4 
s=1 
14, 3D, 1-4 2 x;*-e-#!, Bucuwatp, g = .01(.01).1(.02).2(.05).8 
s=1 
15. 4D, 2 Jo(rx.)e~*+/[x2Ji(x.)], BERTRAM, ¢ = 0(.1).9; 2 = 1, 2 = 0(.05)1.75; n = 2, 
e=1 
z = 0(.05)1.5; 2 = 3, 4, s = 0(.05)1 
16. 4D, log [J1(tsx.)/Ji(x.)], PetRcE 1, s = 1(1)12 
17. 4D, y = 2 [Ji(}x.)e*2*/Ji(x.)], Pemrce 1, p. 61, ¢ = .17, .25 (var.) 1.5(.5)3(1)6, 8 
e~1 
18. 4D, 1 — (8/x) 2 tanh (xj2.)/{72,.L7,. — 1]}, KERN, zeros for x = 3, 4, 3(4)2, 3 
s=1 
See also XII A 
By. Zeros: x,’ of J:(x), and Jo(x,’) 
1. 16D, Metsset 2, s = 1(1)50 
2. 10D, Davis & KirkHam, s = 1(1)150 
3. 10D, BAASMTC 1, s = 1(1)150 
4. 8D, HamBurG, s = 1(1)50 
5. 7D, Arrey 17, s = 1(1)40 
6. 6D, Fow ez, s = 1(1)15 
7. 5D, Havasu 2, s = 1(1)60 
8. 4D or 4S, JAHNKE & EmpeE 1; — 15, s = 1(1)50 
9. 4D, Morse, p. 153-155, s = 1(1)3 
10. 3D (mostly), Matow, s = 1(1)5(5)10(10)40 
B;. Zeros: x,’ only 
1. 7D, Watson 3, s = 1(1)40 
2. 6D, Lommet 1, p. 167 and 2, p. 315, s = 1(1)6 
3. 6D, Gray & MaTHEws 1; — 12, s = 1(1)6 
4. 5D, KALABNE 2, p. 72, s = 0(1)5 
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5. 4D, GLazenaP, s = 1(1)40 

6. 4D, Byerty 2, s = 1(1)10 

7. 4D, Arrey 19, s = 1(1)10 

8. 4D, SmitH, RopGers, & TRAUB, s = 1(1)9 
9. 3D, BourGEtT, s = 1(1)9 

10. 6D, x,’/x, LoMMEL 1 and 2, s = 1(1)6 

11. 4D, x,’/x, STOKES, s = 1(1)12 

12. 4D, x,’/x, Mors, p. 153, s = 1(1)3 

13. 3D, x,’/2x, PERNTER, s = 1(1)9 

14. 1D, 180x,’/x, ScHWERD, s = 1({1)6 


B,. Zeros: functions of x,’ 


1. 10D; 9D, log x.’; log | Jo(x.’)|, Davis & Kirxnam, s = 1(1)50 

2. 4D, xt400/x1', Xe40 — x1’, KALAHNE 1, s = 1, 2, w = 1(1)4; and s = 3, w = 1(1)3 
3. 3D, xi_1/x.’, BourGET, s = 2(1)9 

4. 5D, I, = 1 — JP(xs’) — J2(x,), and I, — I,1, NAGAOKA 2, s = 1(1)10(10)50 

5 


» SA, 5 (x.")-™, BUTTERWORTH 1, m = 2(1)10 
s=—3 
6. Exact values of > 1/[(xs)?Jo(x.’)], (pb = 2, 4, 6); > 1/[(xs’)?JP(x')], (p = 2, 4, 6); 
s=] s=l 
> 1/[(x2’)?Jo*(xs’)], (b = 6, 8), ForsyTH 
s=l 


7. 5D, © (x0')-*J o(xxe’)ee" /Jo(xs'), NEWMAN & CHURCH, x = .1; y = 0, .005, .01(.01)- 
s=l 


-1(.02).2(.05).5, 1 
See also XII A 


B;. Zeros: functions of Jo(x) and J;(x) 


. 3D, Jo(x) — .3, 2 zeros, PRESCOTT, p. 486 
. 3D, xJo(x) — .75J:(x), a zero, PREscott, p. 488. 
. 4D, xJo(x) — kJi(x), k = 4, 3, first 10 zeros, ArrEy 5 
. 3D, xJo(x) + 399J1(x), a zero, LAMB 4 
. 6D, first 6 max. and min. of 2J:(x)/x and of [2J:(x)/x?, Lome 1, p. 167, i.e., values 
of 6 zeros of xJo(x) — 2J:1(x)[= — xJ2(x)] 
. 3-5D, xJo(x) — 2Ji(x), first 12 zeros, SCHWERD; 180x/x = 0, 219.6, 401.9, --- 1750, 
1930 
7. 3D, xJo(x) — 2Ji(x), first 15 zeros (j2,./27), MASCART, p. 312 
8. 3D, xJo(x) — 2J1(x), first 18 zeros (j2,./27), PERNTER, p. 542 
9. 4D, 3xJo(x) — 2J:(x), first 10 zeros, ArREY 5 
10. 4D, 3xJo(x) — 2J:1(x), first 8 zeros, RUEDY 1 
11, 4D, 2xJo(x) — Ji(x), first 10 zeros, ArREY 5 
12. 3D, xJo(x) — 2J:(x), first 4 zeros, PETRZiLKA 
13. 3D, Jo(x) — mxJ(x), first 8 zeros, m = .32; 6 zeros, m = .427; 3 zeros, m = 1.27; 
1 zero, m = 4.133, ScHMICK 
14, 5D; 3D, Jo(x) — 10xJ1(x), first zero; next 4 zeros, PEIRCE 2 
15. 6D; 2D, Jo(x) — 1000xJ;(x), first zero; second zero, PEIRCE 2 
16. 6D, Jo(x) — 100 000xJ,(x), first zero, PEIRCE 2 
17. 4D, 5Jo(x) — xJ1(x), first 5 zeros, PEIRCE 1 
18. 4D, 25Jo(x) — 2xJ:(x), first 5 zeros, PEIRCE 1 
19. 5D, (1 — 1.3666x*)Jo(x) — 1000xJ;(x), first zero, PEIRCE 3 
20. 4D, (1 — 0.01366x?)Jo(x) — 10xJi(x), first 3 zeros, PErRCE 3 
21. 2D, 3xJ@(x) — 6Jo(x)Ji(x) + xJ:*(x), first zero, PONCIN 
22. 3D, Ji'(x) = Jo(x) — Ji(x)/x, first 4 zeros, CHREE 
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. 3D, Ji'(x), first 3 zeros, SCHELKUNOFF, p. 323 

. 3D, 3xJi'(x) + Ji(x), first 4 zeros, CHREE 

. 3D, 2xJi'(x) + Ji(x), first 4 zeros, CHREE 

. 4D, xJi'(x) + (1 — 2x*)Ji(x), first 2 zeros, CHREE 

. 3D, (m — 2)Ji(x) — (m — 1)xJo(x) = (m — 1)xJo(x) — mJi(x), 3 zeros each for m = 3, 


4; 2 each m = 2.22, 2.50, 3.33, RuEpy 2 


. SD, (& — 1)*b(ha) — (Bx — 1)[x — o(ka)] = 0, $(y) = yJo(¥)/JiO), & = y(Bx — 1)!; 


k = y(2x — 1)#, x = (v/v0)*(1 + ¢), B = (1 — 20)/(1 — o), d/L = ay/x, BANCROFT, 
table of v/vo for d/L = 0(.05)1(.2)2, 0; o = .1(.05).4. Also graphs of v/vo as functions 
of d/L = 0(.2)2.6; « = 0(.1).5 


Ci. J, (x), including n > 1 


. 103-10D, Hayvasut 1 


x n D x n D F n D 
01 0-7 40-21 0-11 40-20 10 0-50 65-30 
.02 0-8 42-21 a 0-12 47-20 20 0-56 45-20 
.03 0-9 42-22 A 0-14 42-20 30 0-69 36-18 
04 0-9 42-20 5 0-14 35-20 40 0-82 36-18 
.05 0-10 40-20 1 0-32 98-46 50 0-88 31-15 
a 0-10 43-21 2 0-40 103-48 100 0-135 24-10 


. 18D; 20D, J,(x), Havasut 3, p. 34, 2 = 0(1)2; 3(1)6, x = 0(.0001).0055 
. 20D, J20(20), MEISSEL 3 
. 18D, MEtssEL 5, x = 0(1)24, » = 0(1)N 


x} 123 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 
N\16 19 22 25 27 30 32 34 35 37 39 41 43 44 46 47 49 50 52 54 55 57 58 60 


. 12D, BAASMTC 6, n = 0(1)20, x = 0(.1)25.5, with varying differences as needed 

. 10D, BAASMTC 2, m = 0(1)20, x = 0(.1)25 

. 10D, Arrey 10, m = 0(1)13, x = 6.5(.5)16 

. 8D; 10D; 12D, Metsser 4, m = 10(1)14; 15(1)19; 20, 21 [table of Jen(n)] 

. 8D, BAASMTC 2, n = 2(1)12, x = 0(.01)10, 82, 

. 8D, MEIssEL 3, J,(1000), n = 967, 968, 981(1)1000 

. 7D, P. A. HANSEN n = 5, 6, x = 0(.2)2; m = 8, 9, x = 2(.2)4; m = 11, 12, x = 4(.2)6; 


m = 13, 14, x = 6(.2)8; m = 15, 16, x = 8(.2)10; m = 18, 19, x = 10(.2)12; m = 20- 
21, x = 12(.2)14; m = 23, 24, x = 14(.2)16; m = 25, 26, x = 16(.2)18; m = 27, 28, 
x = 18(.2)20, with J® (x) /m!, p=m=1;p=>m=2;p=-m=3 


. 7D, Watson 3, 2 = 2(1)5, x = 0(.1)5 

. 7D, Jn(%s), BucHHOLz 3, m = 1(1)10, s = 1; 2 = 1(1)16, s = 2; m = 1(1)20, 5s = 3 

. 6D, ArrEy 10, m = 0(1)13, x = 0(.2)6 

. 6D, LomME 2, p. 315-317, m = 0(1)20, x = 0(1)12 

. 6D, Watson 3, m = 0(1)20, x = 0(1)12 

. 6D, MEIssEL 3, m = 0(1)m, 7 =m S35, x = 1(1)10, 16, 20 

. 6D, ArrEy 13B, nm = 100(1)109, x = 109 

. 5D, DALE, n = 0(1)12, x = 0(1)20 

. 5D, TVERITIN, n = 2, x = 0(.01)10 

. 4S, JAHNKE & EmpE 1; — 15, » = 0(1)m, 17 Sm ZS 61; x = 1(1)24; > 18D. Compare 


no. 4 above 


. 4S, JAHNKE & Empe 1; — 15, 2 = 0(1)m, 42 Sm = 44; x = 25(1)29; > 6D 
. 4S, Jio(x), Fox, x = 0(1)24 
. 4D, NicHotson 2, n = 0(1)3, x = .1, .4(.1).6, .8(.1)1; and m = 0(1)8, x = 1.1, 1.2, 


1.5(.5)3(1)6 


. 4D, McLacauan 2, p. 175, m = 2(1)4, x = 0(.1)4.9 
. 4D, Morse, p. 333, m = 2, x = 0(.1).2(.2)8 
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27. 7D, WaTSON 3, n = x = 1(1)50 
28. 6D, Arrry 13A, n =x, x—1; x = 1(1)50(5)100(10)200(20)400(50) 1000(100)2000- 
(500) 5000(1000)20 000(5000)30 000(10 000)50 000, 100 000, 500 000, 1 000 000 
29. 6D, Arrey 31, m = x, x +1; x = 1(1)20 
30. 6D, Arrey 20, n = x, x — 1; x = 0(1)10 
31. Je(6) to 6D, Jsg(48) to 9D, J750(750) to 14D, Arrey 13B 
32. 4D, [J(x)/xP, 2J1(x)J2(x)/x, 2J1(x)J2(x)/x*, Born, p. 207, x = 0(.2)10, with graphs 
33. 3D, Jn2(x), m = 0(1)14, RowLanp, x = 0(.2)1(1)6, 8, 10, and 2.605, 3.832, 5.52, 7.016, 
8.654 
34. 3D; 2D, Ji(j2n,0)3 juss J o(x1')/Ji(j2,s), Jo(j1,2)/Ji(G20); MALow, s= 1(1)5, 10(10)40 
C,. Functions, derivatives, and differences of J,(x) 
1. 7D, n/3J,(n), WaTSON 3, m = 1(1)50 
2. 5D, log Jn(x), THURING, m = 0(1)3; x/a = 1(1)6, a = .21534 
3. 5S, x**Jen(x)/n!!, and x®**Jonii(x)/(m 4+ 1)!!, Prcut, x = 1(1)15 
4. OD, (1/m!)(x/2)"/In(x) = E an x(x /2)*, (1/n!)(%/2)*Ina(&)/Inle) = E by ale /2), 
|x/2| <1, Brrxy 1, tables of @n,x, bn,x, m = 0(1)3, & = 0(1)9. It ir shown that if cy. 
be the coefficients of similar expansion of (1/m!)Jnii(x)/Jn(x), Cae = — Dn ess 
5. (16-p)D, Jo (x), Havasu 1, p. 28, p = 1(1)10 for x = .1(.1).5, and p = 1(1)9 for 
x = 16(.5)25 
6. = 12D, Jo (x), Ji (x), NYMTP 5, x = 0(.1)10 
7. =14D, J,(0), Havasu 3, p. 29, m= 0(1)5, p = 1(1)14 
8. 20D; 17D, 2J,'(x), Havasu 3, p. 36, m = 1(1)27, x = 1,2; 3(1)5 
9, 5-2S, Jn(p), Jn'(p), SEITZ 1, p = .02095, m = [0,1; 5S], (2; 4S], [3; 2-4S]; p = .0000419, 
n = 0 (exact), [1; 4S], [2; 2S] 
10. 4D, 2J,,'(x), NICHOLSON 2, m = 1(1)6, x = 1.2,1.5(.5)3(1)5 
11. 3D, 2J,'(x), NICHOLSON 2, m = 1(1)3, x = .5,.6,.8(.1)1 
12. 4D, T(4x) = 8J2(x)x—*/(3x*), Hamy, x = 0(.2)4.2; compare VII 
13. 7D, Jn’(n), and n*/*J,,'(n), WATSON 3, nm = 1(1)50 
14, 19 or 20D, A?J,,(x), Havasu 3, p. 30, p = 1(1)4; m = 0(1)6; x = 0(.0001).0055 
See also VII 
D,. Zeros: jn, including n > 1 
1. 12D, BAASMTC 9, n = 0(1)20, about 52 zeros, x > 25 
2. 7D, WaTSON 3, m = 0(1)5, s = 1(1)40 
3. 6S, Arrey 14, m = 10, 100, 1000, s = 1(1)5 
4. 6S (mostly), ArrEy 19, 2 = 0(1)10(5)20(10)50(25)100(100)500(250) 1000, s = 1(1)10 
5. Jiooo(x) has 218 zeros between 1000 and 2000, Watson 1 
6. 6D, LomMEL 2, 2 = 2, s = 1(1)5 
7. 5D (mostly), 4D, SmirH, Ropcers, & TRAUB, m = 0(1)19, s = 1(1)8 
ni0123 45 67 8 9 10 11 12 13-15 16-19 
ete FFeaeseeeee = eS SF 1 
8. 5D, WitKowskI, n = 2, s = 1(1)5; also 4J?(j2,.)/73,, 
9. 5D, Ikepa and Hayasui 2, p. 98, 2m = 1000, s = 1 
10. 4D, JaHNKE & Empe 1, — 1; (p. 206), for k = ©,m = 0,1, 2, s = 1(1)6 (suggested 
by the Liverpool Index) 
11. 3D, BourGEt, m = 0(1)5, s = 1(1)9 
12. 3-5S, joe, je, jae — 1, KERN, s = 1(1)5 
13. 3D, Gans 2, nm = 2,3;s = 1,2 
14, 2D, Arrey 13A, p. 13, and 13B, p. 52, m = 1000, s = 1 
15. 2D, RAMACHANDRAN, ” = 2, s = 1(1)5; also Ji(joe)/j2. to 3D 
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AON PON 


co 


12. 
13. 


14, 
15. 


18. 


19. 
20. 


zi. 
« Jo(x)/Ji(x), 0 < x < 3, Linr 


D.. Zeros: j2,,/x, and miscellaneous 


. OD, jne/m, 2I1(ja2)/i2,0, 4:°(j2,4)/j2,2, LOMMEL 1 and 2, s = 1(1)5 


5D, 4J1°(jo,2)/73, 2» PERNTER, p. 442, and Mascart, p. 312, s = 1(1)9 
SD, 2J1(j2,2)/j2,2 and 4J:*(j2,2)/72, ., SCHWERD, p. [146], s = 7(1)11 
4D, jo./x, 5s = 1(1)3, and Ji(j2.), s = 1(1)4, Morse, p. 153-155 
3D; 5D, jo,./2x, A; 4J:?(j2,)/73, «» PERNTER and MAscart, s = 1(1)9 


. 3D, j2,2/7, WRINCH, s = 1(1)9 


2-3D, x2’, Jo(%s’), j2,0, Ji(jns), Jo(*r’)/Ji(j2,2), Jo(js,2)/Ji(j22), MaLow, s = 1(1)5, 
10(10)40 


. 4D, J,'(x), SmitH, RopGers, & TRAus, zeros < 25; = number of zeros 


2101234567 8 9 0 11 12 13 14 15 16 17 18-22 
awe nw se Oe ee ee ££ € F288 8B 8 1 


. 3D, Jn’(x), THOMSON (RAYLEIGH) p. 347, m = 2, 3, s = 1(1)3 
10. 
11. 


4D, x*Jo(x) + kJ2(x), 4 zeros (x/r) for each k, Morse, p. 159, k = 0(.5)1(1)6(2)10 
4D, 9xJn'(9x)Jn(x) — xJn(9x)Jn'(x), n° = 0,1(4 zeros), 2,3(3 zeros),4(2 zeros), THILO, 
p. 557 

3D (mostly), 24|xJi41(x)| — 1, Born & Fucus, n = — 1(1) + 7, s = 0(1)11; 8 pure 
imaginary, and 39 real zeros 

2D, |2xx[Jn2(x) + Jis1(x)]| — 1, Fucus, 2 = 0(1)7; one pure imaginary, and one real 
zero, for each n 

2D, J2(x) — a*J2(ax), STEWARD, p. 171, a = 0, 3, 1, first zeros 

2D, xJ2(x) — 2J6(x), Lams 6, first zero 


E. Graphs, reliefs 


- Jo(x), Ji(x), O << x < 18; Jn(1), Jn(10); Jn(50), and J,(100), Havasu 1, p. 1; p. 49; 


58-59 


. Jo(x), Ji(x), 0 << x < 25, KALAHNE 3 

« Jo(x), Ji(x); 0 << x < 10, DanL 

. 1 — Ji(2x)/x,0 < x < 14, A. H. Davis 

. Jn(x), m = 0(1)4; x = 0(1)20, ScHRODINGER 

. Jn(x), m = 0(1)12,18; x = 0(1)17, HacuE 

. Jn(x) = const.. —4 << +8; 0 <x < 18, JAHNKE & EmDE 1; (p. 222, fig. 114), 


1; — 15 (p. 152, fig. 84); see no. 17 


. Jn(nx), n = 1(1)3,0 < x < 30, D. L. WEBSTER 

. Jn(x) and — J,’(x), m = 0(1)5; 0 < x < 18, CoLwELL & Harpy 

. Jn(m + 1), Jn(n), 2Jn'(n), 10 < m < 1000, JAHNKE & Empe, 13 — 1s (p. 170, fig. 95) 
« (2n + 2)Inzi(x)/x, n = 0(2)6, ZERNIKE, 0 < x < 13 

. Bessel functions of large order: steepness at the zeros, and extreme values, 4 < » < 5000, 


JauNKE & Emve 1; (p. 240, figs. 125-126), 13 — 15 (p. 169, figs. 92-93) 


- jne — nas function of 2,0 < n < 1000, JAHNKE & EmDE 1; (p. 234-236, figs. 120, 121, 


123), 1s — 15 (p. 162-165, figs. 87, 88, 90) 


. Model of |Jn(x)/x| for positive integral values of n, SCHOUTEN 

. 2n2J,2(nx), n = 100, Fox & Kotpinsxy, 1 < x < 1.3 

. Relief of z = J,(x),0 <n < 8,0 <x < 16, showing lines of zeros, MCLACHLAN 2, p. 21 
. Relief of z = J,(x), 0 <2" < 10, 0 < x < 20, showing curves J,,(x) = const. on the 


surface, JAHNKE & EMDE 1; (p. 223, fig. 115), 13 — 15 (p. 153, fig. 85); see no. 7 
Relief of z = J,n(x), —-2<2<+2,-4<n<+ 10,0 <x < 14, JanNKE & EmpE 
12 (p. 192, figs. 92-93), 1; — 15 (p. 126, figs. 67-68) 

Ji(x)/x, 0 < x < 20, RAMACHANDRAN 


y = 2 e-**+, Eurincer, k = 1.1078 


s=1 
Ji(x sin )/x sin ¢, x = 5, 10; ¢ = — 90°(10°) + 90°, McLacuian 2, p. 50 
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23. x = Jo(y)/Jily), x = — 1(.2) + 1, 1/x = — 1(.2) + 1, Jannxe & Empe 1; (p. 270, 
fig. 139), 13 — 15 (p. 200, fig. 106) 

24. [Ji(x)/xP, 2J1(x)J2(x)/x, 2J1(x)J2(x)/x*, Born, p. 208; see IC; 32 

25. y = [Ji2(x) — Jo(x)J2(x)]/Je(x), 0 < x < 8.5; also magnified 0 < x < 1.6, Turton. 
It is also shown that the equation y = z has but one positive root when z = .9397; 
when z rises from .9397 to 1 there are successively 3, 5, 7,.. . positive roots. When 
z > 1 the number of positive roots is infinite. 

See also I A; 34, B; 28; XITA 


II. BrssEL FUNCTIONS OF THE SECOND KIND 
AND INTEGRAL ORDERS Y,(x), Y™(x), G,(x) 


When 1 is an integer, J,(x) and J_,(x) are not independent solutions of 
(1) xy” + xy’ + (x? — n*)y = 0. 
A solution Y,(x) independent of J,(x) is defined by 


(2) Ya(x) = (1/n) z (— 1)"(x)"H,/[r(n + 1) 
~ (ifs) = (x)*—0(n — 1)/r1 


n+r r 
where H, = 2 In ($x) + 2y — © m™ — ¥ m, and where 7 is Euler’s con- 
m=1 m=1 
stant .57721 56649 ---. Y,(x) is Bessel’s function of the second kind as defined 
by WEBER! (who gave it, however, in the form of an integral), and is 
expressible in terms of functions of the first kind by the formula 


Y,(x) = [Ja(x) cos nx — J_,(x)]/sin nx 


(or the limit of this when m is an integer). 
As used by NEUMANN,’ Bessel’s function of the second kind is defined by 


Y(x) = 9rY,(x) + (In 2 — y)J,(z). 


Hankel’s function® is wY,(x). The function G,(x) used by Gray and 
MATHEWS, 1; — 12, 1895-1922, is 


G(x) = — $4 Yn(x) = (In 2 — y)Ja(x) — Y™(x). 


This is the function tabulated by Arrey 4, 6, 9, 11, 13, and B. A. Smits 2. 
NICHOLSON tabulates 2G,(x). In Arrey 1, 4, 8, and 11, the function Y™ (x) 
is denoted by Y,(x). Equivalents for our Y,(x) in other writers are the 
following: N,(x) (Arrey 1, JAHNKE & Empe 1, — 15); — 2G,(x)/m (Arrey 4, 6, 
9, 11, 13, ALp1s 2, Gray & MATHEWS 12, SMITH 2); 2K,/r (BOcHER, Mc- 
MAHON, SCHLAFLI); Y,,(x)/m (HANKEL); — Gn(x) (HEAVISIDE); — 2K,(x)/x 
(HEINE). This display refutes the contention of some recent writers that 
the notation N,(x) is most generally employed. It was obvious to us that 
since BAASMTC 1 used Y,(x) we should do the same. 
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Auxiliary functions for interpolating Yo(x) and Y,(x), when x is less 
than .5, are defined by 


Yo(x) = Co(x) + Do(x) log x, Yi(x) = Ci(x)/x + D,(x) log x. 


We noted that LEONARD EULER and DANIEL BERNOULLI wrote papers 
on the vibration of a heavy string suspended from one end in which Bessel 
functions of the zeroth order occur. In a later paper (presented to the St. 
Petersburg Academy in 1774, but not published till 1784) treating a similar 
question, the Bessel function of the second kind, of the zeroth order, is 
introduced.‘ 


Bo WeserR, J. f. d. reine u. angew. Math., v. 76, 1873, p. 9; Math. Annalen, v. 6, 1873, 
, 2C. G. NEUMANN, Theorie der Bessel’schen Funktionen, Leipzig, 1867, p. 41. 

*H. HANKEL, Math. Annalen, v. 1, 1869, p. 471, 

*L. EuLer, “De perturbatione motus chordarum ab earum pondere oriunda,”’ Akad. 
Nauk, Acta, for 1781, St. Petersburg, 1784, p. 187. Compare M. Bécher, New York, Math. 
So., Bull., v. 2, 1893, p. 108-109. In his Institutionum Calculi Integralis, v. 2, St. Petersburg, 
1769, p. 191- 192, Euler gave also the complete solution of x*/*y’"’ + ay = 0; ‘solutions of this 
equation are x*J(4a4x'/*), 4x4 Y2(4a%x!/*), See Watson 3, p. 62. 


Ay. Yo(x) and ¥i(x) = — Yo'(x) 


. 15D, BAASMTC 6, x = 0(.1)21.5 

. 14-17D, Havasu 3, x = 16(1)25 

. 10S, BAASMTC 3, x = 0(.1)25 

. 10D, Havasni 3, x = 16(.01)25.51 

. 10D, NYMTP 6, x = 0(.01)10 

. 8D, BAASMTC 1, x = 0(.01)25, & 

. 7D, Watson 3, x = 0(.02)16, and .1(.1)5(1)12 
. 5D, Hayvasat 2, x = 0(.01)16 

. 4D, JAHNKE & Empe 12 — 15, x = 0(.01)15.99 (for x < .8, 3D); 11, x = 0(.1)10.2 
10. 4D, GLazenaP, x = 0(.02)16 

11, 4D, McLacaian 2, x = 0(.1)15.9 

12. 4D, Morse, p. 333, x = 0(.1).2(.2)8 


COnaunr wd 


Y,,(x), including n (integer) > 1 

1. 13-20D, m = 0(1)21, BAASMTC 6, x = .1(.1)25.5, & 

2. 17-13D, m = 0(1)15, Havasu 3, x = 16(1)25 

3. 15 to —2D, m = 16(1)30, Havasnt 3, x = 16(1)25 

4. 10S, n = 0(1)20, BAASMTC 3, x = .1(.1)25 

5. 8S, m = 2(1)12, BAASMTC 3, x = 0(.1)25, dn? 

6. 7D, Y,(n), nt Y,(n), x = m = 1(1)50, Watson 3 

7. 7D, Yn(x), m = 0(1)13, Watson 3, x = 6(1)12 

8. 7-14S, nm = 0(1)10, Watson 3, x = .1(.1)5 

9. 6D, nm = x, x — 1, Atrey 20, x = 0(1)10 

10. 5D, m = 2, TvERITIN, x = .01(.01)10 
11. 4D, m = 2, Morse, p. 333, x = 0(.1).2(.2)8 
12. 4-9S, Y,(p), Seitz 1, p = .02095, m = [0,1; 4S], [2; 5-6S], [3; 6-9S]; p = .0000419, 

n = 0, [1; 4S], [2; 5S] 


A;. Functions involving Y,,(x) and derivatives 
1. 14D, yn = x" Y,(x), m = 0(1)20, BAASMTC 6, x = 0(.1)6 
2. 8D, Co(x), Do(x), Ci(x), Di(x), BAASMTC 1, x = 0(.01).5, 8? 
3. 8D, Ao(x), Bo(x), A(x), Bi(x), BAASMTC 1, x = 25(.1)50(1)150(10)1150, and 1000- 
(100)6000, 5? 
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. 5D, F,(x), m = 1(1)5, and graphs, HALLEN 1, 2, m = 1(1)4, x = 0(.1)1.5,3.5(.1)4.3,6.7- 


(.1)7.3; also m = 1, 5, x = 2(.1)2.5,5.2(.1)5.6. Graphs, 0 < x < 14. If C is Euler’s 
constant, Fi(x) = Jo(x), Fe(x) = — xJ:(x), 

F3(x) = Jo(x)[— C — In (2x) + sin (2x)Si(2x) + cos (2x)Ci(2x)] + x sin* x Yo(x), 
Fi(x) = — xJi(x)[— C — In (2x) + sin (2x)Si(2x) + cos (2x)Ci(2x)] — xx sin® x Y:(x), 
F(x) = — Jo(x)[C + In (2x) + sin (2x)Si(2x) + cos (2x)Ci(2x)] + x cos* x Yo(x); 
F;(x) + Fs(x) = rYo(x) — 2Jo(x)[C + In (2x)] 


. 7D, (x) = fut 4 — (¢+#)3] sin xtdt = x/8 + x[Ji(4x) cos $x + Y¥i(}x) sin $x]/4x, 


Watson 5, x = 0(.01).4(.1)32; x < 20.1, # 


. 3D, (x) (as in no. 5), DELLA Moc.ie, x = 0(1)20, and graph 0 < x < 20 
. 3-5S, 2*[J,2(x) + Y,2(x)], NICHOLSON 2, p. 114-115, (a) m = 0(1)4,x = .1,.4(.1).6,.8(.1)1; 


(b) m = 0(1)6, x = 1.1,1.2,1.5(.5)3(1)6; (c) 2m = 7, x = 4(1)6; (d) mn = 8, x = 5, 6; 
(e) n = 9, 10,x = 6 


-4D or 4S, $a[.7J1(x) — xJo(x)]¥ilx), 4.7 ¥i(x) — xVo(x)] ¥i(x), Grammer 2, 


x = 0(.1)10; graphs, 0 < x < 10 


. 8D; 7D, log [44x{Jn2(x) + Y.2(x)}]#; log [x{J.2(x) + Y.7(x)}]*, 2 = 0(1)6, Lopce 4, 


T. I, II, x = 10(10)100(100)1000 


. 9D; 8D; 8D, — sin ao; log (— sin ao); log (— x sin ao), LopGe 4, x = 10(10)100(100)- 


1000. [an = 4(m + 4)x — x + tan™ { Y,(x)/Jn(x)}] 


. 7D, log [8xa,/(4n* — 1)], m = 0(1)6, Lopce 4, x = 10(10)100(100)1000 
. 9-10D, Q(x) = sin an[4ax{Jn2(x) + Vn?(x)}]* = (44x)4[ Y,(x) cos (x — nx — hr) 


—Jn(x) sin (x — $nx — 3x)], n = 0(1)6, LopGE 5, x = 10(10)100(100) 1000 


. 9-10D; 8D, Qo(x); log|Qo(x)|, LopcE 5, x = 10(10)100(100)1000 

. 7D, ¥i(n), 8! (n), x = n = 1(1)50, WaTSON 3 

. (16 — p)D, d?¥o(x)/dx?, p = 1(1)14, Havasnt 3, x = 16(1)25 

. 4-98, Y,'(p), Sertz 1, p = .02095, m = [0, 1; 4S], [2; 5-6S], [3; 6-9S]; p = .0000419, 


n = 0, [1; 4S], [2; 3S] 


~ SAD, [Ji'(%)Ji(e) + Ya’) Yi(e)]/x{[i'@)P + [¥1'@)P}, Kardune 4, x = 0(.1)- 


i 2 


» 4S, {[Jn'(%)P + [¥n’(x)P}4, tan [Jn’(x)/¥a'(x)], m = 1(1)4, Morse, 


p. 338, x = O(.1).2(.2)5 


. 3-5S, 4[w?{J,’(x)}? + { Yn’(x)}*], NicHOLsoNn 2, p. 123-124, 


(a) m = 0(1)6, x = 1.1,1.2,1.5(.5)3(1)5; (b) m = 0(1)3, x = .5,.6,.8(.1)1; (c) » = 7, 8, 
x = 4; (d) m = 7(1)10,x = 5 


Ay Zeros: y, of Yo(x), y.’ of Y:(x) 


. 12D, ¥, ye’, BAASMTC 9, s = 1(1)53, x > 21.6 

. 8D, ye, ¥1(y0), 92’, Yo(ye’), BAASMTC 1, s = 1(1)50 
. 7D, ¥, Ye’, WATSON 3, s = 1(1)40 

. 5D, ys, ys’, HAYASHI 2, p. 99 s = 1(1)40 

. 5D, ye, ve’, AIREY 1, s = 1(1)10 

. 4D, ys, ys’, GLAZENAP, s = 1(1)40 


A;. Zeros: yp. of Y,,(x), and of functions of Y,,(x) 


- 12D, ¥n,e, m = 0(1)20, BAASMTC 9, s = 1(1)53, x > 21.6 


7D, Yn,2, m = 0(1)5, Watson 3, s = 1(1)40 


. Zeros of Jn(x) + RYn(x), k = (4r)/[In 2 — y], are also zeros of Y™(x); see II C; 
. 4D, xJn(9x) Yn'(x) — 9xJn'(9x) Yn(x), THILO, p. 554, 2 = 0, 2, 3 (first 4 zeros), m = 1(5 


zeros), m = 4(3 zeros) 


. 2D, Yo(x) — EJo(x), E = In2 — y, Corwett & Harpy, p. 1054, first 10 zeros 
. 2D, Yo(x) + ¥i(x) — ElJo(x) + Ji(x)], Cocwett & Harpy, p. 1053 
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17. 4D 


18. 2D 


19. 


20. 


No 


10. 
11. 


12. 


. 2-4D, Jn(x) Yn(kx) — Jn(kx) Y,(x), m = 0(1)2, KALAHNE 1, and KALAHNE 2, p. 68-69, 


and JAHNKE & EmpE 1;; p. 204-205 (also 12 — 1,), first 6 zeros, x,,., and (Rk — 1)xn,., 
10k = 12, 15, 20. Also 1-4D, (Rk — 1)xa1, p. 81 (J. & E., p. 205), & = 1,1.2,1.5,2(1)- 
11,19,39, 0, m = 0(1)2. Also 3-4D, (k — 1)x,,., J. & E., p. 205, & various, s = 1(1)4 


. 3D (mostly), Jn(x) Ya(kx) — Jn(kx) Yn (x), = 1.5,2,5,10,20,0, REINSTEIN, %n,s, 


2 = 0,s = 1(1)6;” = 1,s = 1(1)3; 2 = 2,3,s = 1,2;” = 4(1)6,5 =1 


. 6D, Jo(x) Yo(kx) — Jo(kx) Yo(x), & = 14(4)4, Lowan & HILLMAN, %o,., s = 1(1)5. Also 


(k — 1)x0,«, & = 1(4)4, s = 1(1)5 


. 2D, Jo(x) Yo(kx) — Yo(x)Jo(kx), and Ji(x) Yo(kx) — Vilx)Jo(kx), k®? = .2(.2)1, Dinnix 


10, p. 23-24, first zeros 


. 2-3D, Jo(x) Vi(xet™) — Yo(x)Ji(xe), Dinnix 12, zeros, e" = k? = .01, .2(.2)1 
. 2D, Ji(x) Vilxe*™) — Vix) Ji(xe™), Dinnik 10, p. 81, and 12, zeros; see no. 12 
. 46D, Ji(x) Vi(kx) — Ji(kx) Vi(x), R = 1.2,1.5,2,3, s = [1(1)6; 4D]; k = 5, s = [1(1)7; 


5D]; & = 10, s = [1(1)8; 6D], Musxkat, MorGan & MERES 


. 3D, Ji(x) ¥i(kx) — Ji(kx) Y1(x), OLsson, first zeros, a = kx corresponding tok = 1,1.2,- 


1.31,1.45,1.5,1.591,1.831,2,2.528,3(1)11,19,39, 0 


. 2D; 3D, Vilax)/Ji(ax) = [hx Yi(bx) + Yo(bx)]/[hxJi(bx) + Jo(bx)], WEINBERG, first 


zeros, h = 1,k = a/b = 1.02, 1.039 (var.) 2.88; 3.93 (var.) 23.93. Also first eight zeros, 
2S, hk = 1,k = 20 

3xVo(x) — 2Vi(x) 3kx Vo(kx) — 2Vi(kx) 

‘ind ’ k = 4) Fs 4 A ’ fi 10 
’ BxJolx) — 2Iilx)  SkxJolkx) — 2Ii(kx) a, Some 6, Got: 50 eaves 
xJo(hx) — 4i(hx) — Jo(dx) + [6x — $x (9x) 
” eYo(dx) — 4Vi(4x)  Yo( 9x) + [6x — $x] Vi(9x) 
(1 — Bax = SJilkx) Yo(x) — Vilkx)Jo(x) 
_ ,» & =0,.1,.2(.2).8, A/l = 0(.2).8, 

4(l — i) J1(kx) ¥i(x) — Vilkx)Ji(x) (2) / (2) 
DinniKk 13, first zeros. There are 4 other similar equations and tables. 
3D, Jo(kx) Ye(x) — J2(kx) Yo(x), Atrey 3, first 4 zeros, for &* = 1.1,1.2,1.5,2,2.25,3,4,- 
9,16,25 











, GRAMMEL 1, first two zeros 


2D, tan 





A.. Graphs: Y,,(x), etc. 


- Vo(x), — ¥i(x), KALAHNE 3, and JAHNKE & EmpeE 1), fig. 35, and DAHL, 0 < x < 10 

- Yo(x), McLacuian 2, p.9,0 <x <8 

. — Va(n), — Ya(n + 1), JAHNKE & EmDE 1y, fig. 133 and 1; — 1s, fig. 100, 0 < x(= m) 
< 50 

. Y,(x), JAHNKE & EmpeE 1p, figs. 134-135, and 1; — 1s, fig. 101-102, m = 0(1)13, 
0<x<12 

. Y,(x) = const in the m, x plane, JAHNKE & EMDE lz, fig. 136, and 1; — 1s, fig. 103, 
—-5<n<+6,0<2 < 16 

- Ya,e — m, JAHNKE & EMDE 1z, fig. 138, and 1; — 1s, fig. 105,0 <<" <5,s = 1(1)15 


« M1 = Jo(x)/Vo(x), ve = Ji(x)/Vilx),O <x < 12, —-S<cym<+5,—-S<yw< +5, 


J. FiscHer 2, graphs for solving the equation y1 = y2 


- (a) e = Yo(dry)/Jo(dry), (b) x = Vildwy)/Vo(dry), (c) x = Yildry)/Ji(dry), JAHNKE 


& Empe 1:2, figs. 140-142, 1; — 1s, figs. 107-109, - 1 <x <1iand —1< (i/x)< +1 


. In(%e) Yn(hxs) — Yn(xs)Jn(kxs), JAHNKE & Empe 1; — 15, fig. 111, graph for x = 


w(1+a)/(k— 1), 5< 2 < 2.5, 0 < (1/k) < 1; @ = .01(.01).07,.1(.05).3(.1).6. Also 
graphical solutions, figs. 111-115, of the equation Jo(x.) Yi(kx.) — Yo(xe)Ji(kxs), for 
X= (wn — 5)r(1 + a)/(k — 1) 

Jy'(x)/¥1' (x), SCHELKUNOFF, p. 327,0 < x < 1.9 

In’ (x)/Vn'(x), m = 1(1)4, 0 <x <6, TRUELL; also graphs of the first zeros of 
Jn! (x) Yn' (kx) — Jn’ (kx) Yn'(x), for m = 1(1)4, 1 < k < 9. About 2D accuracy for the 


zeros 
Jo(x) Yo(y) — Yo(x)Jo(y), and Vi(x)Jo(y) — Ji(x) Yo(y), ScHELKUNOFF, p. 271, graphs 
determining the zeros,0 <x <1,0<y<4 
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13. 


Fs = — [xYo(x) — .709¥1(x)]/[xJo(x) — .709J:(x)], 

Fe = — [.8x Yo(.8x) — .709 Yi(.8x)]/[.8xJo(.8x) — .709J;(.8x)], 

FIELD, graphs, 0 < x < 2.8, leading to a graphical solution of the equation F; = F, 
(about 1.07) 


See also II A; 8 
B;. Go(x) = — $e ¥o(x) and Gi(x) = — 4 Yi (x) 
1, 21D, Apis 2, x = .1(.1)6 
2. 14D, Atrey 17, x = 9, 10 
3. 10D, Arrey 11, x = 6.5(.5)15.5 
4. 7D, Atrey 6, x = .01(.01)16 
5. 7D, Arrey 4, x = .1(.1)16 
6. 5D, Atrey 9, x = .1(.1)6(.5)16 
7. 4D, Atrey 7, x = .01(.01)16 
8. 4D, B. A. Smits 2, x = 0(.01)1(.1)10.2, and Go(10.3) 
9. 4D, JAHNKE & EmpeE 1, p. 126-128: (a) abridged ALpis 2,x = .1(.1)6; (b) B. A. Smrra 2. 


_ 
So 


wd 


Aur WH 


. 14D, Arrey 17, x 
. 10D, Arrey 11, x 
. 7D, Atrey 4, x = .1(.1)16 
. 6D, Arrey 8, x 
. 6D, Arrey 12, x = .2(.2)6(.5)15.5 

. 4D, B. A. Smits 1, x = 0(.01)1(.1)10.2 


There are 35 cases of contradiction between the corresponding values of these two 
tables. 


- 4D or 4S, 2Go(x), 2Gi1(x), NICHOLSON 2, x = .1,.4(.1).6,.8(.1)1.2,1.5(.5)3(1)6 


B2 G,(x) = — 4xY,(x), and derivatives 


. 6D, 2 = x,x — 1, Arrey 13A,x = 1(1)50(5)100(10)200(20)400(50) 1000(100)2000(500)- 


5000(1000)20 000(5000)30 000(10 000)50 000, 100 000, 500 000, 1 000 000 


. 6D, n = x, x — 1, Atrey 13B, x = 6(1)13 
. 6D, » = 100(1)107, Arrey 13B, x = 104 
. 5D, m = 0(1)13, Arey 9, x = .1(.1)6(.5)16; with one exception values of G,(x) > 10 


are omitted. 


. 4S, — 2G,'(x), NICHOLSON 2, p. 122-123, (a) m = 1(1)3, x = .5(.1)1; (b) m = 1(1)6, 


x = 1.2,1.5(.5)3(1)5; (c) m = 7, 8, x = 4; (d) m = 7(1)10,x = 5 


. 3-48, 2G,(x), NiIcHOLSON 2, p. 113-114, (a) m = 0(1)4, x = .1,.4(.1).6,.8(.1)1; (b) 


nm = 0(1)6, x = 1.1,1.2,1.5(.5)3(1)6; (c) m = 7, x = 3(1)6; (d) n = 8, x = 4(1)6; 
(e) nm = 9,x = 5,6; (f) mn = 10,x% = 6 


- SD, [{Nm(x)/Dm(x)} + dix}, [{Nm'(x)/Du'(x)} + Fix], RayLeicH 9, m = 0(1)6, 


x = .4(.4)2.4. [Nn(x) = xGm'(x)Jm(x’) — x’Gm(x)Jm'(x’), x’ = 1.5x, 
D(x) = x’ Tin (%) Im —1(x") — XI m(x")Im—1(), 
Non’ (x) = x’ Tm (x")Gm' (x) = xT m' (x’)Gm(x), 
Du! (2) = #Iu()Incale!) — 2’In(e’ Inmate) + m (= ©) JuGeJa(e' 
zs 
C,. Y(x) and Y®(x) 
9, 10 
-1(.1)6(.5)15.5 


-02(.02)15.5 


C,. Y(x), including n > 1 


. 6D, m = 0(1)13, Arrey 12, x = .2(.2)6(.5)15.5; most values of ¥Y*(x) > 10 are omitted 
. 6D, n = x, x — 1, Atrey 13 A, x = 1(1)50(5)100 etc., as in IT Bz 1 


C;. ¥)(x), zeros 


. 6S, (x), Arrey 14, first 5 zeros 
. 5D, YX), YO(x), Y@(x), Arrey 1, p. 221-222, first 40 zeros 
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3. 3D, Y™(x), KALAHNE 1, » = 0 (first 4 zeros), m = 1 (first 3 zeros) 

4. 4D, Yerw/1, Yoru — 91, (2 being zeros of Y(x)), KALAHNE 1,” = 0,5 = 1,w = 1(1)3; 
s=2,w=1,2,ands =3,w=1;2=1,s =1,w =1,2,ands =2,w=1 

5. SD, Jo(x) + Y(x), Ji(x) + Y(x), Jo(x) — V(x), Jo(x) —2Y(x), 10Jo(x) 
+ YO(x), 10Jo(x) — Y(x), Arrey 1, p. 224, first 10 zeros 

6. 3D or 3S, Y(x) + kJo(x), KALAHNE 2, p. 72, k = 0(1)3, first 2 zeros (except k = 
0, 4 zeros); values found graphically 

7. 3D or 3S, Y(x) + kJi(x), KALAHNE 2, p. 72, k = 0(1)4, 10, 20, first 2 zeros (except 
k = 0, 3 zeros); values found graphically 


Ill. Mopir1reD BESSEL FUNCTIONS OF THE FIRST AND SECOND 
Kinp—I, (x), K,(x). BEssEL FUNCTIONS OF THE 
TuirD Kinp—H,™ (x), H,®(x) 


If in Bessel’s equation [I (1) and II (1)] the signs of the third term and 
before ? are changed we get 


(1) xy” + xy’ — (x? + n*)y = 0 
which has independent solutions J,,(x) and J_,(x), where 


(2) I,(x) = y (4x)"#*/[sI0(n + s + 1), 


except when is an integer. I,(x) is the modified Bessel function of the 
jirst kind. 
If m is an integer 


(3) Ia(x) = In(x) = . (4x)"2*/[s'(n + 5) 1] 


For 2n > —1 
(4) Ile) = (i)—*Jaliz) = (4x)"/1P(n + PD f ” cosh (2 cos ¢) sin™ gd¢. 


The modern notation J,,(x) was introduced by A. B. BassEt,! possibly, 
because of important work in connection with the function by JAMEs Ivory.? 
When 1 is an integer a second solution of equation (1) is K,(x), defined by 


(3) Ka(x) = (— 1)" + In Gx)) Z6(2) 
+ 4% (= 1)" — 5 — 1)1Ge)-m/s! 
+ (= FE Ge) /[sl(n + 9)! 


= a 
n+s}’ 


1 1 1 1 1 1 
x{Et page tteitgt + 


where y is Euler’s constant .57721 56649 ---. K,(x) is the modified Bessel 
function of the second kind. 

Basset’s use of the notation '! K,(x) was possibly because of the discus- 
sion of the functions by KUMMER.*® 
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The series for Io(x), I:(x), Ko(x), Ki(x) may be readily written down. 
When x is small (<.5) interpolation for Ko(x) and K,(x) may be carried 
through with the aid of tabulated auxiliary functions Eo(x), E,(x), Fo(x), 
F(x), since 


Ko(x) = Eo(x) + Fo(x) log x, Ki(x) = E,(x)/x + F(x) log x. 
The Bessel functions of the third kind H,(x) are defined by the relations 
H,© (x) = J,(x) + iY,(x), H,, (x) = J,(x) — iY,(x). 


The symbol H was used by NIELSEN who employed the term Cylindrical 
functions of Hankel.* 


Tables have been computed for e~*J,(x) = (2/24) f e—™* Jen[2u(2x) du, 
0 


and e*K,(x) = (4/2*) cos (nr) f s e™“Ko,[2u(2x)#]du, n=0, 1; for 
0 


,(x) = (24x)te*I,(x) = wa(x) — e-*w_,(— x); and for i,(x) = x-*J,(x), 
k(x) = x*K,(x). 


ANDING uses L,(x) for our J,(x); and LopGe employs R for 
(xx /2)4|H,(x)|. In(x) may be expressed in terms of a confluent hyper- 
geometric function as follows 


(4x)"e*{1/T'(m + 1)} F(m + 4; 2n + 1; — 2x). 


For our J,(x), JAHNKE & Empe 1, used 7-*J,(ix) and for our Ko(x) and 
K(x) used (t4/2)Ho™(ix) and — (r/2)H,™ (ix) respectively. 

It may be well to explain the notation of the following original form of 
Kirchhoff’s Equation, (arising in the study of the vibration of a free uniform 
circular plate) which occurs as equation (15), p. 74, of KircHHOFF 1: 


dY™ dxX™ 
Syn?z2X yo) — 8yn?z3 [x~ = oF yo — | 


dy™ dx™ dX™ dy 
= 2(72 — 265 (n) —— = Gn) come —— i an Oe 
[n?(m? — 1)z + 16y772°] [x de Y ds | — = : 


X™ = I,(2z), y™ = J,(2z), yi=1-ae, 22 = x. 


These substitutions having been made, the form of the equation given in 
division As of this Section may be derived. The roots of the equation are 
x = 2“A,ul,” w = 0(1)2 for each nm = 0(1)3. 

There is a discussion of this paper, KiRCHHOFF 1, as well as of an inti- 
mately related paper, KiRCHHOFF 2, in I. TODHUNTER, A History of the 
Theory of Elasticity . . ., v. 2, pt. 2, Cambridge, 1893, p. 39-50. 


1A. B. Basset, A Treatise on Hydrodynamics, with numerous Examples, 2v, Cambridge, 
1881, v. 2, p. 15. 


2J. Ivory, R. So. London, Trans., v. 113, 1823, p. 409, 495; and v. 128, 1838, part 2, 
p. 170-229. 


3E. E. Kummer, J.f. d. reine u. angew. Math., v. 12, 1834, p. 144-147; and v. 17, 1837, 
p. 210-242. 
4N. NreELsEN, Handbuch der Theorie der Cylinderfunktionen, Leipzig, 1904, p. 16. 
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COnaA Nn FW de 


. 21D, Atpis 1, x 


. 3D, y=1 


> 


1+ I(x) = Jo(ix), and I,(x) = Io'(x) = — iJ, (ix) 


-1(.1)6 
18D, Apis 1, x = 6(1)11 


. 15-18D, BAASMTC 6, x = 0(.1)20 


12D, Lopce 1, and Gray & MATHEWs 1; — 12, x = 0(.2)6, A 
10D, NYMTP 3, p. 362-381, x = 0(.01)10; also NYMTP 6, for the same range 


. 10S, BAASMTC 4, x = 0(.1)20 

. 9D, Lopce 3, 2, x = 0(.001)5.1, A 

. 9D, Gray & MATHEWS 12, x = 0(.01)1 

. 8D; 7D, BAASMTC 1, x = 0(.001)4; 4(.001)5, 5 

. 6S, WrincH & WRINcH 1, 2, x = 5(1)37 

. 5S, Morse, p. 334, x = 0(.1).2(.2)8 

. 5D, Dwicur 5, x = 0(.1)6 

. 4D, DALE, and IsHERWoop (LoDGE 1 abridgements) x = 0(.2)5 

. 4-6S, OLLENDORFF 2, x = 0(1)15 ‘ 

. 4-5S, JAHNKE & EmpeE 1: (p. 278f) — 15 (p. 226f), x = 0(.01)9.99, A, and 0(.2)6 
. 6S; 4-5D, JAHNKE & EmDE 11, Jo(x) (ALDIs 1 abridgement), p. 130, x = 0(.1)6(1)11; 


I(x) (Lopce 3 abridgement), p. 131-133, x = 0(.01)5.1(.1)6(1)11 


. 4D, Dinnix 11, p. 122, 125-126, x = 0(.2)8 


As. Io(x) or 1:(x); functions involving I(x) and (or) I,(x) 


. 15D, Io(x), NYMTP 1, x = 0(1)10 
. 4D, Io(x), ByERLY 2, x = 0(.1)5.9 
. 4S, Io(x), Furnas, x = 12(2)20(10)100(100) 1000 


3-48, Io(x), COLWELL & Harpy, p. 1046, x = 0,1,5,10,20,30 


A. 20S, Io(30), WRENCH 

. 15D, Io(x), I(x) /x, BAASMTC 6, x = 0(.1)6 

. 4D, Io(x), xI1(x), RAYLEIGH 5, x = 0(.1).9 

. 9D, Ii(x), Gray & MaTHEws 11, x = 0(.01)5.1 

. 6D; 6-7S, I, (2x*)/xt, Warp, x = 0(1)5; 3.61, 3.6481, 6(1)12,15 

. 4D, T1(%)/Io(x), (11(%) /To(x)]*, ScHEUERMANN, x = 0(1)11,3.6(1)5.6 

. 4D, [x(1 — x?)Ii(x)/Io(x)]*, RAYLEIGH 2, x? = .05,.1(.1).9 

. 4D, [x(1 — x*)Ii(x)/Io(x)]*, RayLeIcH 5, x = 0(.1)1 

. 3-4D, 1 + x? — [xIo(x)/Ii(x)#, RAYLEIGH 4, x = 0(.2)1,2(2)6 

. 4-5D, x[Io(x)/Ii(x) + Jo(x)/Ji(x)], Prescott, p. 587, x = 0,2,2.98, 2.982, 3.832, 


6.18, 6.2 


615 [r2/(r1 + 72)Je#1S($r2)/S[h(r1 + 72)], where S(x) = Io(x) + Ii(x), 
Koagn, 

(a), T. 1:71 = re = r = .2(.2).8, 2(2)6,10,20; graph, 0 < r < 30 

(b), T. 2: 71 = 2re = .4,.8,1.6,4,8,16,32,44; graph, 0 < r1 < 60 

(c), T. 3: 71 = 1072 = 2.4,8,11,20,40,120,220; graph, 0 < ri < 300 


. 6D, log Io(x), log [11(x)/x], ANDING, x = 0(.01)10 

. 6D, log [x#Z,(x)], 2 = 0, 1, ANDING, x = 10(.1)50(1)200(10)1000(var.)108, A 

. 5D, mantissas of log [(2ax)*e~=J,(x)], Hort, x = 11(.1)20.9,21(1)109 

. 9D, e-*Io(x), e*11(x), BADELLINO, x = 20(1)50 

. 8D, e-*Zo(x), e*11(x), BAASMTC 1, x = 5(.01)10(.1)20, 5? 

. 7D, e*Io(x), e*11(x), WATSON 3, x = 0(.02)16 

. 3D; 2D, e*Io(x), HESSELBERG & ByORKDAL, x = 0(.2)4(1)11; 15(5)50,100 

. 4D, e*[Io(x) + J1(x)], WESTGREN, x = 0(.2)12(.4)20(1)36(2)50 

. 2D, e*!Io(x) + Ii(x)], Bucowaxp, x = 1.14, 1.36, 1.6, 1.62, 1.92, 2.28, 2.82, 4.3, 6.88, 


16.14, and graph 


. 3D, xe*[Io(x) + Ii(x)], ELsasser, x = .01(.01)2(.5)5(1)10 
. 3-4S, xe*[Io(x) + Ji(x)], LADENBURG & REICHE, x = .476,2,4(4)12,20(10)50,70,200,- 


400,500,720,980,1280,2000,2880,4500,6260,7800. Graphs 
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34. 


1. 
2. 


. 3D, e*[(1 + 2x)Io(x) + 2x]i(x)], Smart, p. 43, (2x) = 0(.1)2 
. 2D, $rte[(1 + 2x)Io(x) + 2xJi(x)], Kaprevn & Ruin, 


2x = 0(1)10(5)20(10) 100,150 


. 7D, (2xx)te*I,(x), m = 0, 1, Okaya 2, x = 0(.001).22, A(n = 0), — A(m = 1) 

. 7D, (24x)te=I,(x), n = 0, 1, Oxayva 1, x = 0(.01).1 

. 6D, (2xx)te=I,,(x), nm = 0, 1, ANDING, x = 10(.1)50(1)200(10)1000(var.) 10%, A 

. 4D, (34x)4e*[Io(x) + I1(x)], Eppincton, p. 592, and Smart, p. 127, (2x)§ = 0(.1)2 

. 1D, 2kxe*@*+*$) Io(2kxox), ERTEL & Jaw, k = .1294, xo = 6.93, x = 2(1)13; & = .0738, 


xo = 10.04, x = 3(1)18; k = .0448, xo = 11.87, x = 4(1)22 


. 6S, M(4.1.x) = ef Io($x), M(¥.3.x) = (4/x)e*I,(}x), Arey 27, p. 231, 


x = 0(.02).1(.05)1(.1)2(.2)3(.5)8 
4S, M(4.1.x), M(j.1.x), Wess & Arey, x = 1(1)6(2)10 


A;. [,(x) including n (integer) > 1 


15-18D, m = 0(1)21, BAASMTC 6, x = 0(.1)20 
12S; 10-12S, m = 0(1)10; 11, Lopce 1, x = 0(.2)6 


2A. 10S, TaKaai, x = 1(1)6, m = 0(1)11 as in LopGE 1; and x = 7(1)10(10)100, 23 < 


= 54 


. 10D, 2 = 100, LEnMeEr 1, x = 75 

. 10S, nm = 0(1)20, BAASMTC 4, x = 0(.1)20 

. 8D, m = 2(1)12, BAASMTC 4, x = 0(.01)10 

. 6S, 2 = 0(1)6, Wrincw & WrincH 1, 2, x = 5(1)37 
. 5S, m = 0(1)11, Dwicut 5, x = 0(.1)6 

. 5S, m = 0(1)11, Dare, x = 0(.2)5 

. 5S, m = 0(1)10, IsHERWoopD, x = 0(.2)5 

. 5S, m = 0(1)2, Morse, p. 334, x = 0(.1).2(.2)8 

. 46S, 2 = 0(1)9, OLLENDORFF 2, x = 0(1)15 

. 4-6S, nm = 0(1)11, JanNKE & Empe 1; (p. 159) — 15 (p. 232), x = 0(.2)6 
. 4D, n = 0(1)4, Roper, x = 0(.1)1(.2)2.8, 5.6 


See also III A, 


_ 
wn = > SWOONANP WNP 


all at 


A,. Functions of I,,(x) 


. 15D, in(x) = x-*In(x), nm = 0(1)22, BAASMTC 6, x = 0(.1)6 
. 7D, e*In(x), m = 2(1)5, Watson 3, x = .1(.1)5 

. 8S, in(x), e*I,(x), 2 = 2(1)20, BAASMTC 4, x = 0(.1)20 

. 8D, in(x), e7I,(x), m = 2(1)12, BAASMTC 4, x = 0(.01)10 

. 6D, Jn(x)/In(x), m = 2, 3, Wrincnh & WriINcH 2, x = 1(1)15 
. 15D, log I,(x), m = 20, 21, BAASMTC 6, x = 6(.1)20 


15D, log in(x), m = 21, 22, BAASMTC 6, x = 6(.1)20 


. 4-S5D, log Ii(mx), MICHELL 2, m = 1(2)11, x/w = 1(.1)2 
. 5D, log [e*J,(x)], m = 1(1)6(2)10, WAGNER, x = 0(.2)6,10(10)40 
. 4D, Jn(xi) and its derivatives, with suitable factors, n = 0(1)4, Riprére, 8x/x = 1(1)9 


Zeros: Kirchhoff’s Equation: 


%°JIn(x) + (1 — @)[xJn'(x) — m°JIn(x)] — x°In'(x) + (1 — @)n*[xJn'(x) — Jn(X)] 
Xn (x) — (1 — @)[xIn'(x) — r°In(x)] —— °In' (x) — (1 — @)n*[xIn' (x) — In(2)] 





. 5D, KircuuorF 1, ¢ = }, 4, 2 zeros, log (4x)*, for each o, and each m = Q(1)3 
. 5S, Prescott, p. 597 (KircHHOFF 1), ¢ = }, 4, 2 zeros, x‘, for each o, and each m = 0(1)3 
. 4D, Krrcuuorr 2, ¢ = }, zeros, x*, are given, 3 each for m = 0, 2,3, and 2 each for 


n = 1,4, 5; for o = 4, 2 zeros each, to 4D, are given for m = 0(1)3 

2D, CoLwett & Harpy, p. 1044, ¢ = 3,” = 0, 1, first 10 zeros; m = 2(1)6, first 11 zeros 
3D, Oxaya & Tosus!, ¢ = 3,” = 0, 1, first 10 zeros; m = 2(1)10, first 11 zeros; m = 11 
first 2 zeros; and m = 12, first zero 
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6. 


7. 


3D, Atrey 2, p. 231-232, (a) o = 3, m = 0,1 first 9 zeros; m = 2, 3, first 10 zeros. (b) 
o = 4, n = 0,1, first 4 zeros; m = 2, 3, first 5 zeros. When » = 0 or 1, Kirchhoff’s 
equation becomes 

Jn(x) I,(x) _ 2(i —@) 

In+1(*) In+i(%) x 


A table of solutions of a generalization of Kirchhoff’s equation was given by MALKIN. 





When o = 1, Kirchhoff’s equation reduces to the forms in Ag. 


Ag Zeros: Jn(X)Inzi(x) + In+i(x)In(x) = Jn-1(X) In (x) — Jn(x)In-1(x) 


ar WH 


Conn 


= — Jy(x)In' (x) + Jn’ (x)In(x) 


. 3-5S, FRANKE, n = 0 (5 zeros), m = 1, 2 (4 zeros), m = 3(3), m = 4(2), m = 5,6,7(1) 
. 5S, CARRINGTON, » = 0 (5 zeros), m = 1, 2 (4 zeros), m = 3(3) 
. 4D; 3D, Atrey 2, » = 0; 1(1)3, first 10 zeros 


3D; 4D, m = 2, x; x/x, WRINCH, first 10 zeros, in each case 
3-4S, ScHULZE, n = 0 (5 zeros), 1 (3 zeros), 2(2) 


. 4S, Prescott, p. 597, m = 0 (fourth power of 3 zeros), m = 1 (1 zero), m = 2(1) 
. 4S, Morse, p. 175, 2 = 0 (3 zeros), m = 1(3), 2(3) 


A;. Graphs involving I,,(x) 


. Io(x), McLacaian 2, p. 104,0 <x < 6 

. I(x), m = 0(1)15, CoLwe.i, Stewart & ARNETT, 1 < x < 6 

. In(x), 2 = 0(1)11, JAHNKE & EMpeE 1: (figs. 144-145) — 15 (figs. 118-119) 
. I(x), 2 = 0(1)9, OLLENDORFF 2 

. Curve with abscissa y = (x/3.26)[Io(x) + I1(x)], ordinate 


k = 2 — 2[l — e*{Io(2x) + L1(2x)}/{Io(x) + Ii(x)}], Born, p. 492 


» In(x)/In' (x), 0 < n < 7, CocwELt & Harpy, p. 1044, x = 2(1)4,6,10(10)30 
« J2(x)/I2(x), J2(x)/Is(x), Wrincn & WrincH 2, 44 < x < 12 

. Io(x)[20(2x)#]e2°°-=, Furnas, 125 < x < 275 

. I(x) /[xIo(x)], RuEpy 1,0 <x <4 

10. 


wxe*[Io(x) + I:(x)], LADENBURG & REICHE, 0 < x < 3100; See III Az 25 


See also III A, 14, 23 


— 


Aun WD 


KH SOONANE WHE 


Bi. Ko(x) and Ki (x) =—— Ky (x) 


. 21D, Apts 1, x = .1(.1)6 


18D, Atpts 1, x = 6(1)12 


. 9-16D, Apis 1, x = 5(.1)11.9 


9~-21D, Gray & MATHEWS 1z, as in nos. 1-3 above 
12-138, BAASMTC 6, x = .1(.1)20.5 
8-9S, BAASMTC 1, x = 0(.01)5, 6,2 


. 8S, NYMTP 8, x = 0(.01)5, 

. 7S, NYMTP 8, x = 0(.0001).03(.001)1, A? 

. 7D, Watson 3, x = 0(.1)5 

. 5S, IsHERwoopD, 0(.2)5 

. 4S, JANKE & Empe 1), p. 135-136, x = 0(.1)12 


B:. Ko(x) or Ki(x); functions involving Ko(x) and (or) K(x); zeros 


. 12-158, Ko(x), xKi(x), BAASMTC 6, x = .1(.1)6 

. 4D, — Ko(x), — xKi(x), RaAyLeicH 5, x = 0(.1).9 

. 10D, (2/2) Ko(x), (2/2)Ki(x), NYMTP 6, x = 0(.01)10 

. 8D, Eo(x), Fo(x), E:(x), Fi(x), BAASMTC 1, p. 265, x = 0(.01).5, 8 

. 7S, Eo(x), Fo(x), E:(x), F(x), NYMTP 8, x = 0(.001).03, A? 

. 5D, xKo(x), xK1(x), CHANDRASEKHAR, x =0(.1)4.5; also, to 4D, (2/4)xKi(x), x =0(.5)4.5 
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. 6D, Ta(x) = (4%)"*Ka(x)/[xt(n — 4)!], 2 = 0, 1, ELpERTON, x = 0(.1)4(.5)16(2)40(5)120 
. 8D, &Ko(x), &K.i(x), BAASMTC 1, x = 5(.01)10(.1)20, # 

. 7D, &Ko(x), &K.i(x), Watson 3, x = 0(.02)16 

. 4D, &Ko(x), &K.i(x), Kine, xt = .01(.01).1,5(1)10; x = .02(.01).1(.1)3(.2)6(.5)10(1)20 
. 7D; 6D, log Ko(x), Toprinc & LupLam, x = 2(.001)4; 4(.001)12 

. 6S-5SS, log [Ki(mx)], MICHELL 2, m = 1(2)11, x/# = 1(.1)2 

. 5D, p = Ko(x)/K:(x), EtpERTON, x = 0(.1)4(.5)16(2)40(5)120 

. 4D, [x(1 — x*)Ki(x)/Ko(x)]*, Rayvtetcu 5, x = 0(.1).9 

. 5D, 2(1 + x*)42i(x)Ki(x), Yost, WHEELER & Breit 2, x = .02,.1,.3(.3).9,1(1)10(3)16 
. 3D, Ji(x)/[xJo(x)] + m0*{Ki(y)/[yKo(y)]}, BucnHowz 2; in the first table for 


y = 0,.06,.1(.1).6(.2)1(.5)2, and mio = 9, A = — 81yKo(y)/K:i(y) is given. Then follow 
tables of the first two zeros x for each of the 12 values of y. 


B;. K,,(x), including n (integer) > 1; functions of K,,(x); graphs 


. 12-13S, K(x), 2 = 0(1)20, BAASMTC 6, x = .1(.1)20.5 

. 10S, Ka(x), 2 = 0(1)20, BAASMTC 5, x = 0(.1)20 

. 8D, K(x), 2 = 2(1)12, BAASMTC 5, x = 0(.01)10, 6,,? 

. 8S, K,(x), 2 = 2(1)20, BAASMTC 5, x = .1(.1)20, & 

. 7-148, Kn(x), m = 0(1)10, Watson 3, x = .1(.1)5 

. 5S, Kn(x), m = 0(1)10, IsHeRwoop, x = .2(.2)5 

. 6S, T,(x) = (4x)"K,.(x)/[xt(n — 4)!], ELDERTON, » = 0(1)5, 


x = 0(.1)4(.5)16(2)40(5)120; m = 6(1)11, x = 0(.5)16(2)40(5)120 


. 8S, x"Kn(x), &Ka(x), m = 2(1)20, BAASMTC 5, x = 0(.1)20, 8; also m = 2(1)12, 


x = 0(.01)10, 6,,? 


. 7D, log T(x) and p (to 5D) = Ky_1(x)/K,(x), ELDERTON and m = 0(1)5, 


x = 0(.1)4(.5)16(2)40(5)120; m = 6(1)11, x = 0(.5)16(2)40(5)120 
5D, 2(9 + x*)Is(x)Ks(x), Yost, WHEELER & Breit, x = .1,.2(.2)1(.5)5 


Graphs, e*Ko(x), ZANSTRA, from which for 10-* < x < 12 the function can be read to 
about 2D 
Graph, $x*e*[Ko(x) + K.(x)], DickMANN 


C. H,®(x) = Jn(x) + i¥n(x), Hn (x) = In(x) — i¥n(x) 


Ko(x) = (4/2)tHo™ (ix) = — (x/2)tHo®(— ix) 
Ki(x) = — (#/2)Hi™ (ix) = — (4/2)Hi®(— ix); see III Bz 3 
. 7D, |H,(x)|, 2 = 0,1, Watson 3, x = .02(.02)16. Compare II A; 7, 9, 12 
. 0.01, arg H,. (x) = tan—[Y,(x)/Jn(x)], 2 = 0, 1, Watson 3, m = .02(.02)16 
. 4S, 2|Hi™(x)|, Morse, p. 338 (Co), x = 0(.1).2(.2)5 
. 4-58, iH (ix) = (2/e)Ko(x) = iH (— ix), — Hi™ (ix) = (2/x)Ki(x) = Hi®(— ix), 


JAHNKE & EmDE 12 — 15, x = 0(.01).15.99, A; also graphs 


. 5D, T(x) = [H® (x) + iH, (x)]/[— Ho®(x) + iHi®(x)], Kiissner, tables of real and 


imaginary parts, x = 0,.002,.01,.02(.02).7 


. 8D, log [($xx)*| HH, (x) |], 2 = 0(1)6, Lopce 4, T. I, x = 10(10)100(100)1000; for 


x = 10, m = [4,5,6; 7D]. Compare II A; 


. 7D, log [x|H,™ (x) |]*, 2 = 0(1)6, Lopce 4, T. II, x = 10(10)100(100)1000 
. Graph, Hi (x)/Ho™ (x), BucnHoiz 2,0 < x < 12 


IV. BEssEL FUNCTIONS WHOSE ORDER IS + (” + $) 
n-+ 1A POSITIVE INTEGER 


We shall first define Riccati-Bessel functions S,(x), C,(x), En(x), using 


the notation of Doopson 1, 2, 3 (see MTAC, p. 71; for other notations see 
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Watson 3, p. 55-57). If u? = 44x, u > 0 [u? not as in X] 











a d es i 
Sa(x) = uSnzi(x) = x (- a) —= . 
d \"cosx 
1) {Cale) = (= 1)wna(e) = 2 (- <) ae 
Ex(t) = Ca(x) — #S(x) = 24 (- <) — = ire tyss(— ix), 
| En(x)|? = Ca2(x) + S.2(x). 


These functions S,(x), C,(x), En(x) are all solutions of the equation 
(2) xy” + [x? — n(n + 1)]y = 0 


which is transformable into Bessel’s equation. All solutions of this equation 
are expressible in finite terms by means of algebraic and trigonometric 
functions of x. In particular, 


f Jx(x) = YV_;(x) = (1/u) sin x, J_y(x) = — Y,(x) = (1/u) cos x; 

J3;2(x) = (1/ux)(sin x — x cos x), 
J_s;2(x) = (1/ux)(— x sin x — cos x); 

Jsj2(x) = (1/ux?)[(3 — x?) sin x — 3x cos x]; 

(3) Fsia(x) = (1/ux?)[3x sin x + (3 — x) cos x]; 

H,®(x) = — (t/uje*, H_y(x) = (1/u)e*; 

I,(x) = (1/u) sinh x, I_;(x) = (1/u) cosh x; 

| Kix) = (w/uje* = K_x(x), wHy}y(x) = iE, (2). 





The zeros of J;(x) are those of sin x and the zeros of J_;(x) those of cos x. 
The extension of this is that the zeros of J3;2(x) are the roots of tan x = x, 
the zeros of J_3;2(x) are the roots of tanx = — x, and the zeros of J52(x) 
are the roots of tan x = 3x/(3 — x’). 

In RAYLEIGH, The Theory of Sound (v. 1, 1877, p. 222-224; second ed., 
1896, p. 278) we find that the solutions of problems connected with the 
lateral vibration of bars lead to the solution of the equations 


(4) cos x. cosh x = 1, 

(5) cos x. coshx = — 1, 

which are equivalent to Greenhill’s equations 

(4’) tan (3x) = + tanh ($x), 

(5’) tan ($x) = + coth ($x). 
These may be written in the form 

(4”) Jy(3x)I_4(3x) + J_4(Gx)Ii(Gx) = 0, 
(5’”) Ji(3x)Ii(3x) + J-4(9x)I_1(Gx) = 0, 
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and so are of the same general type as an equation which occurs in the 
theory of the vibration of a clamped circular plate. This is seen by writing 
(4’’) in the equivalent form 


(4’”’) Is2($x)I,(3x) + Ji(3x)Is;2(3x) = 0 


when the lower sign is taken. 
For (4) and (5) RAYLEIGH found general formulae for the roots. STERN 1, 


p. 34, 35, gave the value of x, in (4) and (5) to 8D. The results of RAYLEIGH 
are listed also in ApAms 1. 

As LAMB points out in The Dynamical Theory of Sound (1910, p. 129-130) 
some numerical results for the transverse vibrations of a bar were given by 
EuLER (1740), Lissajous (1850) and SEEBECK (1848). 

The Sine, Cosine, and Exponential Integrals are defined by 


Si(x) = f ‘@aade/s,  Cils)@ f “eosaie/z,  Hilz)= f * dx /x 


SCHAFHEITLIN ! has shown that if 


V(x) = (0/dr)J,(x), W(x) = (0/dr) Y,(x), 
then 
) = — $rcos 2x — ucosxV;(x) — usin xW,(x), 
Ci(2x) = $a sin 2x + usin xV;(x) — ucosxW,(x), 
) = — gmie* — ue*[iV,(x) + W,(x)]. 


There have been many tables of these integrals, the most elaborate of Si(x) 
and Ci(x) being that of the Mathematical Tables Project (New York, 1942) 
where there is a full bibliography. We shall not list other tables of this type, 
but we may note one more result, due to LOMMEL 3, p. 550, viz: 


Si(2x) = iz sin tdt/t = « X J24(2). 


n=0 


Tables involving half odd integer values of m have been prepared by LoDGE 
4, 5 on the basis of the relation 


J,(x) = (R/u) cos (x + a — 49 — nz) 


discussed in XIII. 

Other functions of importance are the Spherical Bessel Functions or 
Stokes’s Functions, y = (x/2x)*Jns;(x). These functions satisfy the differ- 
ential equation 


(6) xy” + 2xy’ + [x? — n(n + 1)]y = 0, 
of which the two solutions are 


jn(x) = (/2x)*Tnsi(x) = Sa(x)/x, nn(x) = (w/2x)*¥n41(x), 
j—n(x) = (— 1)"na-1(*), m_n(x) = (— 1)"jn1(x). 
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From this last relation a table of j,(x), m.(x) for » = 0(1)2 is also a table 
of these functions form = — 3(+ 1) — 1. Some special cases of the functions 
are as follows: 


jo(x) = sin x/x, mo(x) = — (cos x)/x, 

jilx) = (sin x/x*) — (cosx/x), mx) = — [(sin x)/x] — (cos x)/2*, 
ja(x) = [(3/x*) — (1/x)] sin x — (3/x*) cos x, 

mo(x) = — (3/x*) sin x — [(3/x*) — (1/x)] cos x. 


Morse and Haurvitz tabulated 


D, = {[jn(x)? + [na(x)P}#, and Dy,’ = [(dja(x)/dx)*? + (dnq(x)/dx)*}}; 
5, = — tan [j,(x)/ma(x)], and 46,’ = tan—{[dj,(x)/dx]/[dn,(x)/dx]} ; 
Dy = —1/x; Dy = (1 + x*)9/x? = Dy’, and Dy = (4+ x*)i/x3. 


RAYLEIGH and Paris have tabulated 


ys sin x 


x dx 





Yale) = (— 1)*(2n + 1 ( 


and 


= nt ay'(5 Ea) Joule, 


COS X 





id i 
W(x) = (— 1)"(2n + (> zy) = (2n + 0 (Ee 3) Inve); 
E,(x) = ao + tpn(x). 
Paris gave also a table for functions defined as follows: 


n(x) (2n + 1)Wn_1(x) " n(x) 
M(x) = — E,(x)’ NG) = = (2n + 1)En-1(x) + nE,(x) 








The tables and notation of MIE call for some preparatory remarks. His 
K,(— x) is connected with E,(x) by the relation E,(x) = i*K,(— x); and 
his J,(x) is our S,(x). Hence his dn, p, may be defined as follows: 


BEn(a)Sn(8) — aEn(e)Sn(8) ’ 
aSn()Sn(8B) — BSn(x)Sn(8) 

= (2m + 1) TF (a) Su(B) — BEn(a) S2(8) 
a = 2xmop/d = 2xp/d’, B = 2xmp/dX = ma/my = m'a. 





= (2n + 1) 





1 
WANNIER has a table of jm,»(x) = xe i e**P,,(z)P,(z)dz. By the 
-1 
formula of Adams 


+1 
P..(2)P2(2z) = 2A-P,(z) and f e**P,,(z)dz = (23) *x-*TIns;(x). 


Thus jm,n(x) is expressible in terms of the functions J,,;(x). Wannier has 
also tables of series involving 76, ,(x). 


1 P, SCHAFHEITLIN, Berlin Math. So., Sitzungsb., v. 8, 1909, p. 64. 
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A. Jxnsy(x) = &(- 1)" Yxin+y (2) 


. 12D, Atrey 23 


x n+4 —-n-}3 x a+4 —-n-}3 x a+4 —-n-}3 


izt= i= a= t= i= n= 

1 O(i)11 0 8 0(1)26 0(1)9 15  0(1)37 O(1)17 
2 O(1)14 0(1)2 9 0(1)28  0(1)10 16 0(1)39 0(1)18 
3 0(1)17 013 10 0(1)30 o(1)i1 17 0(1)40 =: 0(1)19 
4 0(1)19  0(1)4 11. 0(1)31. «=: (113 18  0(1)42  0(1)20 
5 0(1)21 O(1)5 12 0(1)33. =: O(1) 14 19  0(1)43 0121 
6 0(1)23  0(1)7 13 O(1)34 «= O(1) 15 20 0(1)44 = 0(1) 22 
7 0(1)25 o(1)8 14 0(1)36 =O 1) 16 


. 9-12D, Hayasai 1, = 1, 0; x = [0(.01)1.99; 12D], [2(.01)9.89; 9D], 


[9.9(.01)10(.1)20(1)100; 12D] 


. 6D, Watson 3, nm = 0(1)6; x = 0(1)50. And for Jn43(x), m = 7(1)12, x = 2(1)20; 


and for Jn43(x), m = 13(1)18, x = 5(1)20 


. 6D, Lommet 3, m = 0(1)6; x = 0(1)50. And for Jn4;(x), m = 7(1)13, x = 0(1)20; 


nm = 14(1)20, x = 5(1)20; m = 21(1)27, x = 10(1)20; m = 28(1)34, x = 15(1)20 


. 6D, Arrey 24, n = 0; x = 0(.02)20 

. 5D, HAYASHI 2, 2m = 0, 1; x = 0(.01)1(.1)10(1)100 

. 4S, JAHNKE & EmpeE 1; — 15, m = 0(1)6; x = 0(1)50 

. 4S, JAHNKE & EmpDE 12 — 1;, m = 0(1)6 and others up to 18, for Jn44(x); x = 1(1)24 
. 4D, DInntK 4, 6, 7, n = 0, 1, 2; x = 0(.2)8 

. 4D, Dinntx 14, 2 = 0; x = 0(.1)15 

. 9 duodecimals, TERRY, n = 0, J;(x) only, in duodecimals for x = 0(127*)1, # 

. 7D, Jn(jo,s), BUCHHOLZ 3, nm = 4$(4)104; s = 1; 2 = $(4)16, s = 2; m = $(4)20}, s = 3. 


The results are shown graphically on p. 161 for 1 < r < 13. 


B. Riccati-Bessel Functions S,,(x), C,,(x) 


. 7D or 7S, Sna(x), Ca(x), Sn’(x), Ca’(x), and the logarithms of their absolute values, 


Doopson 1, = 0(1).N, N varying from 7 to 23, forx = 1(1)10. Doopson 2, m = 0(1)N; 
N = 8,x = 1.1(.1)14; N = 9,x = 1.5(.1)1.8; N = 10,x = 1.9. Doopson 3, m = 0(1)N, 
N varying from 3 to 7, for x = .1(.1).9 


. 7D, Sa(x), Sa’(x), BLUMER 1, » = 0(1)7, x = 2.5 
. 4D (mostly), Sa(x), Sn’(x), xSn’(x)/Sn(x), Yost, WHEELER & Breit 1, » = 0(1)4, 


x = .1(.1)5.6 


. 7D or 7S, En2(x) = Sp2(x) + Cy2(x), [En’(x)]? = [S,’(x)P + [C.’(x)P, and their log- 


arithms, Doopson 1, 2 = 0(1)N, N varying from 4 to 15, x = 1(1)10. Doopson 2, 
n= 0(1)N, N = 3, x = 1.1(.1)1.3; N = 4, x = 1.4(.1)1.9. Doopson 3, » = 0(1)N, 
N varying from 3 to 7, for x = .1(.1).9 


. 5D, MySn(x)Ca(x)/[En(x)?, ProupMan, Doopson & KENNEDY, m = 1(1)17; also 


MyS,2(x) /[En(x)]}?, m= 1(1)14; MpSn’ (x) Cy’ (x) /[En’(x)}?, m= 1(1)17; My[Sn’(x)P/[Es’ (x), 
n=1(1)14; 8 tables, x=10 in each, p=1, 2, and M,=(—1)"(2n+1)P,' (cos 0)/n(n+1), 
Mz = (— 1)"(2n + 1)Pa(cos @), 6 = 0(10°)30°(15°)60°(10°)90° 


. 4D or 5S, S,(x), Ca(x), STENZEL 1, 


x = 2.2(.2)2.8, n = 0(1)7 x = 6.2(.2)6.8, n = 0(1)12 
3.2(.2)3.8, n = 0(1)8 7.2(.2)7.8, n = 0(1)13 
4.2(.2)4.8, n = 0(1)9 8.2(.2)8.8, n = 0(1)14 
5.2(.2)5.8, n = 0(1)11 9.2(.2)9.8, n = 0(1)15 


. 4D, 2S,(10), 10Sn41(10), Un(10), Cn (10), 10Cn41(10), Va(10), Un(10)/Vn(10), 


[U,(10)/Vn(10)]/[1 + U,2(10)/V.2(10)], 2 = 0(1)15, STENZEL 1. 
[Un(x) = xSnai(x) — mSn(x), Vale) = xCayi(x) — nC,(x)] 
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it. 
- SD, Ma, No, Paris, 2» = 1(1)3, « = 1; 2 = 1(1)4, x = 1.5; 2 = 1(1)5, x = 1.75; 


C. Spherical Bessel Functions j,(x) = (x/2x)*Jn+;(x), ete. 


. 10D; 8S, ja(x), NYMTP 9, +m = 0(1)21, x = 0(.01)10, with second and fourth 


central differences; also extended » > 21 and < — 21,x > 10 


- 5S, jn(x), NYMTP 2, + m = 1(1)10, x = 0(.1)10 
. 5D; 5S, jn(x), Morse & Haurvitz, n = — 9(1) + 8,x% = 0(.1).2(.2)9;” = — 3(1) + 2, 


x = 0(.1).2(.2)10 


. 5S, jn(x), Morse, p. 335, 2 = — 3(1) + 2, x = 0(.1).2(.2)8 
. 6D, H(n, 0, x) = (2m + 1)!jn(x)/[n!(2x)"], H’(n, 0, x), Lowan & HORENSTEIN, 


n = 0(1)3, x = 0(1)10 


. 8D, jo(x) = sin x/x, mo(x) = cos x/x, Hayasui 1, x = 0(.01)10(.1)20(1)100. In Lommet 


3, p. 651 there is a table, to 6D, of jo(x) and of jo?(x), also the first 17 maxima of jo(x) 
(roots of the equation J3/2(x) = 0) as well as the values of jo(x) and j,?(x) at these 
maxima. No other references to tables of jo(x) and mo(x) will be listed. As to tables of 
log jo(x) a reference may be given to MTAC, p. 83-85. 

4S, D,’, n = 0(1)4, Morse, p. 339, x = 0(.1).2(.2)5; also to 0°.1, var. 5,’, m = 0(1)4 


. 4D, Da, Dn’, Morse & Haurvitz, n = — 3(1) + 2, x = 0(.1).2(.2)10 
. 1’, dn, 5x’, Morse & Haurvitz, = 0(1)2, x = 0(.1).2(.2)10 
. 5-6S or 5-6D, Ya(x), Yn(x), RAYLEIGH 7, m = 0(1)6 (some values missing between 3 


and 6), 8« = 8,12(2)18(3)27 
5S, Va(x); va(x), Paris, m = 0(1)4; 0(1)6, x = 1.25 


= 1(1)5,x =2 


D. Jn(x), In(x), Kn(x), 2 half an odd integer, Miscellaneous 


. 5D, (492)x-*J3/.(x), BLUMER 2, x = 2a cos (47), 


¥ = 0(10°)30°(15°)60°(10°)120°(15°)150°(10°)180°, a = 5. Also to 5D, KLEINERT, for 
vy = 0, 90°(10°)180°, a = 9.9952, 12.482, 13.862, 17.327 


. 4-SD, (49x)x-*J2),(x), GANs 3, x = 0(1)12 
. 3D, Asyo(x)/Ay(x), x = rx + 0, CHAPMAN & WHITEHEAD, r = 0(1)3, 6 = 2/10(x/10)x; 


also Azj2(x)/Asso(x), 7 = 2(1)7, x* = dre + 0, 0 = 0(r/10)5x/10. 
[Ansa(%) = (3x)—@*(m + $)nya(x); hence Ay(x) = sin x/x, 
Asio(x) = (3/x*) {sin x/x — cos x}, Asy2(x)/Ai2(x) = (3/x*)(1 — x cot x)] 


. 8D; 7D, log [44x {Jn2(x) + Yn?(x)}]#; log [x{Jn2(x) + Yn2(x)}]#, 2 = 0(4)64, Lopce 4, 


x = 10(10)100(100) 1000 


. 7D, log [8xan/(4n* — 1)], 2 = 0(3)64, LopcE 5, x = 10(10)100(100) 1000. 


[an = 3(m + $)e — x + tan™ { Y,(x)/Jn(x)}] 


. 6D, Jn(x), m = + x, + (x — 1), Atrey 20, p. 290-291, x = 4$(1)93 
. 6D, Jn(x), m = x + 4, Atrey 31, x = 1(1)20. The admirably compact forms of statement 


in nos. 6-7 are those of the Liverpool Index 
6D, J2;" (x)/2.p!, p = 1(1)6, Lommet 3, p. 649-650, x = 1(1)50 


8A. 3D, 4$a:/a3, a? = 0(.2)1(.5)2, 2.6, Mie, p. 420, when A = 420, 450, 500, 525; for 


> = 550, 600, 650 the set of values ends with 2.5 instead of 2.6. On p. 417 Mie has a 
table of values of m, m’ and X’ corresponding to these values of A. On p. 418 |a,|?*, 
for gold is given to 3S for the foregoing values of 4. Among other results are the follow- 
ing tables of: on p. 421, (44/A)a®|ai|?, for a? = [.2(.2)1(.5)2.5; 3-4S]; on p. 426, 4ae/a’, 
for a? = [small, 1, 2, 2.5; 3D]; on p. 426, $p1/a*, for a? = [small, 1, 2, 1.5; 3D]. 


. 4-68, 1;(x) = sinh x/($rx)#, DinntK 14, x = 0(.1)15 

. 5-68, I4(x) = cosh x/($xx)!, Dinntk 14, x = 0(.1)7 

. 6D, 4[73(x) — Iy(x)] = e*/[22x]!, Wrincn & WrincH# 1, x = 1(1)13 

« 6S, $[74(~) + I4(x)] = e/[2xx]!, Wrincn & Wrinca, 1, 2, x = 1(1)40 

. 7D, (24x)te*I,(x), 2 = 0($)14, Oxaya 1, 1/x = 0(.01).1 

. 4D, (44x) 4e*[In_i(x) + In(x)], (a) 2 = 1(4)2, Eppincton, Oxaya 1 and (b) m = 1(4)24, 


Smart, (2x)? = 0(.1)2. Also (a, b), |P| = [Zy(x) + Iara(x)]/[Zo(x) + Ii(x)] to 4D, and 
£ = [To(x) + Ti(x)}*/[Za(%) + Iasa(x)] to 3D, (2x)# = 0(.1)2 
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15. 
16. 
17. 
18. 
19. 
20. 


21. 


22. 


5D, T(1,1,x) = xete-*"J,(4x%), HEATLEY 2, p. 29, x = 0(.1)2(.2)3 

7D, Aanas = (xx)'e-*I,.44(4x), Ivory, x = 2m = 10, n = 0(1)12 

1-7D, Geny1 = Wn44(x), IvoRY, x = 2m = 10, m = [0(1)6; 1-6D], » = [7(1)12; 7D] 
6D, Bangi = Wn43(— x), essentially (x/x)te¥K,43(4x), Ivory, x = 2m = 10,” = 0(1)12 
4D, jm,n(x), m = 0(1)5, 2 = 0(1)5, WANNIER, x = 5,10(10)100 

6D, T,(x), Experton, m = 0(4)54, x = 0(.1)4(.5)16(2)40(5)120; m = 6$(4)114, 
x = 0(.5)16(2)40(5)120. Also to 7D log T,(x); and to 5D, m +0, p = Kn_i(x)/Ka(x). 
Compare III B; 7, 13; B; 7, 9 

SD or SS, x*xq(x)[= — i(dex)tHQy(x)], Dalz) = 10° [xna(x) — (m + 1)xa(e)], 
RAYLEIGH 6, x = 10, m = 0(1)22 

5D, "(2m + 1)D,, n = 0(1)22, RAYLEIGH 6 


See also VIII, 3/,(x)/dn, 3°J,(x)/an? 


CONAN WHE 


15. 


16. 


_ 


ax A nr wd 


E. Zeros 


. 12D, first 53 zeros of Jn(x), Yn(x), m = 14(4)104, BAASMTC 9 
. 4D, Ja(x), 2n = 1, 2, 3, Lame 1, first 3 zeros 


4S, Jn(x), m = 74(1)9}, 12}(1)144, KaLAune 2, p. 85 


. 4D, first 11 zeros of J3/2(x), EULER; compare MTAC, p. 203 


8D, first zero of J3/2(x), STERN 


. 6D, first 17 zeros of Js/2(x), Lommet 3 

. 4D, first 17 zeros of Jsy2(x), JAHNKE & Empe 1), 12, 15, and EmpE 2 

. 6D, 18th to 36th zeros of J3/2(x), SILBERSTEIN 

. 4D, first 36 zeros of Js/2(x), HaYAsuHt 2, p. 52 

. 4D, first 7 zeros of Js;2(x), Lamp 1 

. 4D, first 2 zeros of Js2(x), GANs 2 

. 3D; 2D, J_s/2(x); J.44(x), first zeros, ArreY 15; also first zero of J_s/2(x) expressed in 


terms of r(3D) and @ 


. 8D, first zeros of J4(x)I-e4(x) + J-4(x)I4(x), STERN. Also to 6D, first 5 or 6 zeros, 


Apams. Also, to 4D, first 5 or 6 zeros, HAYASHI 2, p. 52 


. 4D (mostly), Jn(x) Yn(kx) — Jn(kx) Yn(x), 2n = 1,3, 5, KALAHNE 1, and KALAHNE 2, 


p. 68, first 6 zeros, xn,2, and (k — 1)xn,2, 10k = 12, 15, 20. Also, KALAHNE 2, p. 80-81, 
(k — 1)xa,. for n = 3/2, k = [1, 1.2(.1)1.5, 12/3, 1.8, 2, 2 1/3, 3(1)11,19,39; 3-5S]; 
and m = 5/2, k = [1, 1.2, 1.5, 2(1)11,19,39; 3-5S]. Most of these results are in JAHNKE 
& Empe 1; — 1s 


If x, represents the zeros of J3/2(x), exact values are given for 2 x,~”, (p = 2, 4), and 
nal 


z 1/(xn° sin xn), FORSYTH 
n=l 


4D, Ya-1(x), m = 1(1)3, Lamp 2, 3 zeros for each n. 


F. Graphs 


- Jntn+y(x), JANKE & EMDE 1; — 12 (figs. 116-118) m = 0, 1, 6; J-mm4u(x),12 — 1s (fig. 


86), m = 0(1)6 


» Ja(n+y(x), 2 = 0, 1, Havasu 2, p. 101,0 <x < 13 

- 1 + (24/2) Je/2(x), FRANZ, 0 < x < 4 

» (3 /16)[3.F4(x)J_4(x) + Jare(x)T—ar2(x)), Franz, 0 <x < 2x 

. Ta4(x), Dinnix 14, p.9,0 <x <5 

. jn) = xe fi" cP g(a)de = (2nx)te*Iny4(x), WANNIER, = 2(1)37, 0 < x < 100 


« $[2 044 (ie) wags(— ix) + waay(ix)whyy(— ix) + whoa (Ge)wayy(— ix)], Backnaus 1, 


n=0(1)4,0<x<8 


. Un(x), Valx) [compare IVB 7], SrenzeL 1, x = 4, mn = 0(2)8; x = 10, » = 0(2)14; 


x = 20, nm = 0(2)26; x = 40, nm = 0(2)52 
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V. BressEL FUNCTIONS OF ORDER + 1/3, + 2/3 


A Bessel function of order 1/3 occurred in a letter written in 1703 by 
JAKoB (JAMES) BERNOULLI to LEIBNIz (see WATSON 3, p. 1-3), but a sys- 
tematic study of these functions was not made until over one hundred 
years after this. 

In a memoir on the intensity of light, published in 1838 by G. B. Atry, 
he introduced the integral 


(1) A(m) = y cos 4r(w? — mw)dw 


which is a solution of the linear differential equation 


(2) yy” = Bry. 


While this integral is known as Airy’s Integral, another form was sug- 
gested by HAROLD JEFFREYS and adopted by the BAASMTC, which has a 
volume of tables of such integrals in process of publication. J. C. P. MILLER, 
the chief author of the volume, has kindly responded to our request for 
information in this regard and has sent to us interesting material mainly 
indicated in Arry 5, BAASMTC 8, RAYLEIGH 7, and in the following 
quotation : 

“The complete solution of the differential equation y’’ = xy may be 
written as y = aAi(x) + DBi(x), in which @ and b are constants, and 
we define 


Ai(x) = -{- cos (32% + xt)dt, 
(3) he 
Bi(x) = : f {exp (— 342 + xt) + sin (34° + xt)} dé. 
T Jo 


We may also write 


(4) Ai(x) = F(x) sin x(x), Ai’(x) = G(x) sin ¥(x), 
Bi(x) = F(x) cos x(x), Bi'(x) = G(x) cos ¥(x). 


The four auxiliary functions are monotone for — ~ < x < 0. 
Writing — = 3x*/?, we may express these functions in terms of Bessel 
Functions of order +4, +3, as follows: 


_ Ai(x) = — ¥xt{Iys(é) — I_ys(£)}, 
; Ai(— x) = xt{Jya(é) + J-1s(8)}, 
Bi(x) = (§x)*{Iys() + I_ys(€)}, 
_ Bi(— x) = — (3x)'{Jys(é) — J-va(€)}, 
@ 44, tAi(x) = (3x)'Kys(€), 
Ai'(x) = 3-*x{Isya(§) — I_a/a(€)}, 
. Ai'(— x) = 3-'x{Jaa(&) — J-2a(8)}, 
Bi'(x) = 3-4x{Iaja(€) + T_23(€)}, 
Bi'(— x) = 3-4x{ Jaya(€) + J-2s(€)}, 
{ wAi!(x) = — 3-'xKe)3(£).” 
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Summary details of tables of such Airy integrals (the first of their kind) 
now in proof, and of the mss. of fundamental tables from which these were 
prepared, are given in BAASMTC 8, and in the following pages of this 
section. ‘‘A(m) and Ai(x) are connected by the relation, 


(6) A(m) = (32°)"/8Aai(— 2°/8m/12"/8).” 
Airy’s Integral is also often referred to under the form 
(7) Ai(x) = f cos (w* + xw)dw. 
0 
If x is positive, 
(8) A,(x) = 43-*x¥[I_13(3-4&) — Iya(3-*8)). 


When the upper limit for A(m) is x, the integral is denoted by A(m, x) 
which was studied by both Arry and RAYLEIGH. 

Hardy generalized Airy’s integral (see WATSON 3, p. 320-324). If 
T,(t, «) = t-2F\(— 4n, } — 4n; 1 — n; — 4a/f*) one of the generalizations 
is the following: 


Cia) f ” cos T(t, «)dt, 
= [2a!/? cos (44/n)/n)K1jn(2a*), or, 
Ci(a) = [rat/2n sin (42/2) |[L_1e(2a%) — Iyya(20)]. 


When n = 3, T3(t, a) = # + 3at; mn = 4, Tilt, a) = t* + 4d? + 2a’; etc. 
In this Section we shall need the special case of m = 1/3 in the relation 


J,(x) = Up(x) cos (x — 4nx — 4x) — 0,(x) sin (x — 3nx — jn), 


where u,, ¥, are the integrals of SCHAFHEITLIN (see WATSON 1, p. 204-205). 
It will be useful also to note the relations 


J_13(x) =| H{R(x)|cos [34 + arg HiA(x)], 
V_ys(x) =| H{A(x)|sin [4 + arg Hy/a(x)). 


They offer the means of getting J_1;3(x) and Y_1/3(x) from Watson 3, T. 3, 
and conversely H{}3(x) from other tables of J_13(x) and Y_1s(x). 
As particular cases of the general formulae 


Y,(x) = J,(x) cot nw — J_,(x) csc nr, 
Y_,(x) = Jn(x) csc ne — J_,(x) cot nz, 
one may also note: 


Y_ys(x) = 3-42Jijs(x) — J_1a(x)], Vya(x) = 3-[Jiys(x) — 2J_1a(x)). 


For zeros of Arry’s integrals Ai(x), Ai’(x), Bi(x), Bi’(x), we shall use 
the notations a,, a,’, b,, b,’, respectively. 


Ay. Jawa(x), Jaora(x), Yaws(x), Y2va(x) 


1. 13D, Jia(x), Ja2a(x), NYMTP 10, x = 10(1)25 
2. 10D, J1a(x), Ja2(x), NYMTP 10, x = 0(.01)25 
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7D, Ji(x), Yiss(x), Watson 3, x = 0(.02)16 

7D, J-1a(x), Y-1n(x), Watson 3, p. 715f, x = 2(2)16 

5D, J2(x), Yu2s(x), Karas, x = 0(.1)10 

5D, Jaews(x), Yuis(x), Havasui 2, x = 0(.1)10 

4-6S, Ji(x), Ja2(x), Dinnik 14, p. 10f, x = 0(.1)15; also, to 4D, p. 26, x = .1, 
1(1)5 

4D, Jus(x), Viss(x), GLAZENAP, x = 0(.02)14(.04)16 


. 4D, Jars(x), Ja2(x), GRISHKOV, x = 0(.1)8 
10. 
11. 


4D, J13(x), WATSON 1, x = 0(.05)2(.2)8 
4D, J x1/3(x), J n2/3(%), DINNIK 1, 3, 6, += 0(.2)8 


As. Taus(x) and I.2/3(x) 


. 138, NYMTP 10, x = 10(1)25 
. 10D, NYMTP 10, x = 0(.01)25 ; 
. 46D, Dinnix 14, p. 13-15, x = 0(.1)15, except that in the cases of I_1/3(x), I_2/3(x), 


x > 6.4; also to 4D, p. 27, x = .1, 1(1)5 


. 4-58, GrisHKov, x = 0(.1)8 
. 4-58, Dinnix 6, 9, 10 and JAHNKE & EmpDE 12 — 1; (p. 235), x = 0(.2)8 


By. e*Iya(x), e*K a(x), | H{},(x)|, arg HE2(x), uva(x), vva(x) 


. 7D, |H23(«)|, arg Hi3 (x), &Kia(x), WATSON 3, x = 0(.02)16 
. 6D, e*I13(x), BuRSIAN, x = 1.2(.05)4(.1)16 
. 4D, u(x), — v13(x), Watson 1, x = 0(.05)2(.2)8 


B:. Other Functions 


. 4D, nlJ,(x), 2 = + 1/3, + 2/3, Dinix 2, x = 0(.2)8 
. 4S, FxebT1/3(2x5/2/3), GANs 1, x = 0(.2)2 
. 3S, K = tane = [Joya(x) + J-2a(x)]/[Jia(x) — J-1n(x)], Breit, x = .2(.2)2(.4)5.2, 


K (to 3S), 2e (to 4S), tan*K (for 0°.1) 


. 4D, — v1/3(x) /u1a(x), WATSON 1, x = 0(.05)2(.2)8 

. 13D, first 15 derivatives of Jn(x), In(x), m = + 1/3, + 2/3, NYMTP 11, x = 10(.1)25 
. 6D, (4x)-Y82i3(x), BuRSIAN, x = 0(.02)1.2 

. 4D, Iea(x) /I_2/3(x), HEATLEY 1, x = 0(.2)6(.4)8 

. 4S, 1 — Tia(x)/I_1(x), and its log to 4D, A, HEATLEY 1, x = 0(.2)5.2 

. 34S, [T_2/2(x) /I2/2(x)] — 1 and its log, to 4D, A, HEATLEY 1, x = 0(.2)5.2 

. 12D, first 18 derivatives of x-"Jy(x), x-*In(x), » = & 1/3, + 2/3, NYMTP 13, 


x = 0(.1)10 


C;. Airy’s integral A(m) = % cos }xx(w* — mw)dw 


. 5D, Atry 3, m = — 4(.2) + 4; also, to 5D, A*(m) 

. 4D, RAYLEIGH 3 and Mascart, p. 408, m = — 4(.4) + 4 

. 5D, Atry 5, and HoGNErR with graph, m = — 5.6(.2) + 5.6 

. 5D, Mascart, p. 397, also, to 4D, A*(m), m = — 5.6, — 5(1) — 1, — .2(.2) + 5.6 
. 3D, A%(m), PERNTER, p. 517, m = — 2(.2) + 13.6 

. 5D, (3/x*)"8A(m), NICHOLSON 1, m = — 4(.2) +4 


. 7D, A(m, 2) =f” cos $x(w — mw)dw, m = — 4(.4) + 4, Amy 3, x = 1, 1.26, 1.44, 


1.58, 1.70, 1.92, 2 


. 4D, A(m, x) = i cos $xr(w* — mw)dw, m = — 4(.4) + 4, RAYLEIGH 3, and MAscarrT, 


p. 408, x = 1, 1.26, 1.44, 
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Cz Airy integrals Ai(x) = (1/n) f° cos (46 + xdt, 
Bi(z) = (A/m) f- [ei*=0 + sin (40 + x)ldt 


. 12D, Aix), J. C. P. MiLcer, x = — 20(.05) — 10(.1)0 and to 12S, x = 0(.1)10 


(21D at x = 10) 


. 12D, Bi(x), J. C. P. Miter, x = — 10(.1)2.8 

. 8D, Ai(x), Ai’x, J. C. P. Mrtter, x = — 20(.01) + 2, 3,,? 

. 8D, Bi(x), J. C. P. Mitter, x = — 10(.1) + 2.5 

. 8D, log Ai(x), log Bi(x), J. C. P. MmLier, x = 0(.1)10, 5n* 

. 7D, Ad (x)/Ai(x), Bi’ (x)/Bi(x), J. C. P. MrLver, x = 0(.1)10, 5,,? 

. 8D, 7D, F(x), G(x), J. C. P. Mmter, x = [— 80(1) — 30(.1)0; 8D], [0(.1)2.5; 7D], 3,,? 
. 6D of 1°, x(x), ¥(x), J. C. P. Mitier, x = — 80(1) — 30(.1) + 2.5, 5,,? 


C;. Solutions of S’ = 9xS 


. 3-5S, 2 solutions of this equation, S; = s; + it:, Ss = S2 + ite, are given by RAYLEIGH 


8 for » = 0(.1)2.5, where x = in. “These may be related to Ai(3**ix) and Bi(3**ix)” 
J. C. P. Mixer. RAYLEIGH gives also a table, for 7 = [.1(.2)2.5; 3-4S], of si? — #3, 
(si? + #17), (s1? — 81°) /(s? + 4:°)*. 


C,. Other related Airy integrals 


. 4D, (1/a) [exp [dix(u® + 2ux/a)|du, SrEwARD, p. 148, x = 0(1)2, a = 2" 
. AD, f° cos dx{u? + (2n — 3)uldu, STEWARD, p. 149, for = 0, 1, 3/4, 3/2, 2 
. 4D, 1/a f° cos tx{u® + (n — 3)a*u]du, STEWARD, p. 149 for m = 2, 24, 24, 3 
. 3D, we) = #4 f™ cos (4 — xt)dt, Hew, x= —9, —5, —4, — 3.55) —25, 


a 
— 2.4(.1) + 24. Also, to 2D, f w*(x)dx 


. 45D, Oy e*@@+tg? HoGNer, real and imaginary parts for x = — 3.2(.2) + 3.2. 


There is a graph of the integral for this range. 


D. Zeros 


. 15D, J_13(x), LEHMER 2, first zero 

. 10D, Jae12(x), Ja22(x), NYMTP 12, first 8 zeros 

. 9D, J-13(x), IKEDA, first zero 

. TD, Jus(x), Yisa(x), J1a(%) + J412(x), WATSON 3, first 40 zeros 

. 7D, J23(x), Empe 1, first zero 

. 6D, Jisa(2/3x*/*) + J173(2/3x*/*), J. M. Bates, first 5 zeros 

. 4D, Jus(x), Yisa(x), GLazenap, first 40 zeros 

. 4D, Ja13(x), ArREY 18 and Gray & MATHEWS 12, p. 317, first zeros 

. 3D, Jaw3(x), Ta2ra(x), Dinntk 14, p. 12, first 5 zeros 

. 2D, Jas(x), Ja2vs(x), DINNIK 3, 6, first 3 zeros; also Dinnik 1, first 2 zeros, and 3 


zeros for J_2/3(x) 


. 2D, Ja(x), Dinnik 2 and Airey 18, » = 1/3, 2/3, first 2 zeros; n = — 1/3, — 2/3, first 


3 zeros 


. 2D, Jars(x), Ja2/3(x), Dinntx 5, first zeros 

. 3-48, J_2/3(x) — Jay3(x), MACDONALD, first 3 zeros 
. 4D, A(m), Stokes 1, first 50 zeros, A 

. 4D, A’(m), STOKEs 1, first 10 zeros, A 

. 8D, as, a’, Ai’(a,), Ai(a,’), J. C. P. MILLER, s = 1(1)50 
. 8D, b,, b.’, Bi’(b.), Bi(b.’), J. C. P. MILER, s = 1(1)20 
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E. Graphs 


« Joss(x)/STus(x), J4212(x)/J—-213(x), Borcnis, x = 31, 27, 1,0(1)9 

- J-ia(x) + Jiss(x), Borcnis, 0 < x < 2.4 

« Jass(x) + Js12(x), V3[J w(x) — J41;3(x)], JAHNKE & Empe 12 (p. 209) — 15 (p. 142) 
- [F-a1s(%) — J4273(x)|/[Jirs(x) + J-13(x)], Borenis, 0 < x < 2.6 

. Iua(x), Tes3(x), JAHNKE & Empe 12 (p. 285) — 15 (p. 235) 

. *4[T_23(x) — T42/2(x)]/[T_13(x) — I4:2(x)], Borcnis, 0 < x < 3.2 

a (2V3/x)Ka(x), 0 <x < 24, and their derivatives, 0 < x < 6, m = 1/3, 2/3, KRAMERS 
. xKiy3(x), xK23(x), KRAMERS, 0 < x < 24 

. (428/e*)[Kin(=) + Ki);(x)] and its derivative, KRAMERS 

10. HS (i=), JAHNKE & EmpeE 12 (p. 208) — 1; (p. 141), 0 <x < 15 

11. iH (ix), JAHNKE & Empe 1: (p. 285) — 15 (p. 235),0 <x <8 

12. [A (m)?, PERNTER 12, p. 430, and HUMPHREYS 1,, p. 492 


13. VI = f , cos (4u8 — zu)du, STEWARD, p. 184 
See also VC; 3 


Can Aur Ww NE 


VI. J,(x), n 


+4,+%,+4+3, + 8, ETC. 


The functions F(x) = a cos (t4 + xt)dt, G(x) = f- sin (t* + xt)dt 


o 


were studied by RAYLEIGH 2, particularly in the case x = 0. J. FISCHER 
continued the work and plotted the quantity F? + G*. He also discussed some 
integrals which were shown by G. H. Harpy ' to be expressible in terms of 
Bessel functions. If 8u = x? + 2, 8v = x? — x, M = (x/8)(2x)!, x > 0, 


K(x) = f ” cos (t! — xf)dt = Mlcosu Jxya(x2/8) + cosv J-ya(x?/8)], 
K(— x) = M[cosu J_14(x*/8) — cosv J1;4(x*/8)], 
L(x) = f sin (¢* — xf)dt = — M[sinu J14(x?/8) + sinv J_1;4(x?/8)], 
L(— x) = M{sinu Jija(x?/8) — sinv J_1;4(x?/8)], 
E(x) = f e~“ dt = 1/4xhe"/8Ky)4(x*/8). 
The integrals E, F, G, K, L are related to integrals of O’TooLE and 


'b 
MASCART f ei*+2-w) dt, which occur in a problem relating to circular 


diaphragm. 
HEATLEY 2 has defined the Toronto function T(m, n, x) as 


f i™-"e-P?T (2at)dt, 
0 


where x = a/p. In a table of T(m, n, x) for different values of m and n, 
expressed in terms of other functions, there are 10 in terms of the function 
I,,(3x*); one of 5 of these involving J..1/4($x?) and J..3;4(3x), is T(—3, 4, x) 
= 2xbahe*[T_1ja(hx#) — Is/4($x*)]. 


1G. H. Harpy, “On certain definite integrals considered by Airy and Stokes,”’ Quart. 


J. Math., v. 41, 1910, p. 226-240. 
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Ax. Jn(x), Yn(x) 


. 13D, Jn(x), nm = + 1/4, + 3/4, NYMTP 10, x = 10(1)25 

. 13D, first 15 derivatives of J,(x), 2 = + 1/4, + 3/4, NYMTP 11, x = 10(.1)25 

. 12D, first 18 derivatives of x-*J,(x), m = + 1/4, + 3/4, NYMTP 13, x = 0(.1)10 

. 10D, J,(x), n = + 1/4, + 3/4, NYMTP 10, x = 0(.01)25. Also u,(x) and 2,(x), to 


10D, 25 =x < 30 000, various intervals, in the asymptotic expansion of these functions 


. 10D, Jaia(x), ArREY 33, x = 5 

. 7D, Jn(x), m = + 1/4, + 3/4, BAASMTC 7, x = 0(.1)20 

. 6D, Jn(n), Ini(m), — Yn(n), — Ya_i(n), nm = 0(1/4)10, Arrey 20 

. 6D, Ja(x), m — x = — 1(.1) + 1, Arrey 31, x = 1(1)20 

. 4D, J,(x), m = + 1/4, + 3/4, Dinnix 5, 8, 10, x = 0(.2)8 

. 4D, Jn(x), nm = + 1/4, + 3/4, + 1/6, + 5/6, Dinix 14, p. 16-18, 21-23, x = 0(.1)15 
. 4D, Jave(x), DinntK 6, x = 0(.2)8 

. 4D, Jn(x), Ya(x), m = + 1/4, + 3/4, Karas, x = 0(.1)8 

. 3D, D(x) = 2-8(— 1/4) x4 J_in(4x), G(x) = — 25(1/4) x-/4J1,4(4x), PranptL and 


JAHNKE & EmpeE 1), p. 106, x = 0(.2)8(1)12 


Az. I,(x) 
13D, 2 = + 1/4, + 3/4, NYMTP 10, x = 10(1)25 
13D, first 15 derivatives of I,(x), m = + 4, + 3, NYMTP 11, x = 10(.1)25 
12D, first 18 derivatives of x-*J,(x), m = + 3, + 3, NYMTP 13, x = 0(.1)10 


3A. 10D, n = + }, + 3, NYMTP 10, x = 0(.01)25, 6 


4. 


5D, T(m, n, x) for m = + 4, n = + 3, + 3, HEATLEY 2, p. 26, 28, 
x = 0(.2)4(1)6,10,25,50; T(m, n, x) may here be expressed as functions of two or more 
of the functions J,,(x), 2 = + 1/4, + 3/4 


ASD, x(x) = feed = dete Lande) + Lin(d)}, x > 0, Hartree & 


Jounston, — x = [0(.1)2.4; 4D], A*; — x = [2.5(.1)3.2; 5D], 4?; x = [0(.1)3); 4D], A?; 
[x = 2.8(.2)8; 4D], A. Graph. 
[x(— 2) = dorache* { T_iya(4x*) — Tia(9x*)} = (2x) 8’ Kiya (4x%)] 


. 4-68, In(x), m = 1/4, 3/4, 1/6, 5/6, DinnrK 14, p. 18f, 24f, x = 0(.1)15 


4-5S, n = — 1/4, Dinnix 14, p. 18f, x = 0(.1)8.1 


. 58,2 = — 3/4, Dinnixk 14, p. 18f, x = 0(.1)8 


4-5S, nm = + 1/4, +3/4, DinniK 10, p. 132, x = 0(.2)8 


. 5S, n = — 1/6, — 5/6, Dinntx 14, p. 24, x = 0(.1)5.5 


B. Zeros 


. 10D, Jucsya(x), Jx3/a(x), NYMTP 12, first 8 zeros 

. 5D, Jn(x), nm = — 1(.01) + 1, Arrey 28, first zeros 

. 5S, J-14($x4), MicHELt 1, first 2 zeros [16.101, 104.98] 

. 4S, J_14(4x#), Prescott, p. 510-511, first zero 

. 4S, J_sra(4x3), J-16(x), MICHELL 1, first zeros [4.4817, 41.035] 

. 4D, Jn(x), 40n = — 20(1) + 40, Arrey 18, and Gray & MATHEWS 1s, first 2 zeros; also 


first zeros for + 6n = 1 


. 4D, jn,1/(2n)-4, jr,2, 40n = — 20(1) + 20, Atrey 18; also j,,2 to 5D, 4n = — 1 

. 4D, (jn.1)2/4(n + 1), 40m = — 40(1)0, Arrey 18 

. 4D, Jawe(x), AtREY 18, and Gray & MATHEWS 12, first zero 

. 4D, Jn(x), m = — .4(.01) + 1.49, A, JAHNKE & Empe 1: (p. 238) — 15 (p. 167), first 


zeros, also first 2 zeros m = — .4(.01) + .99, A 


. 3D, J-sa(x), J-24(x), AtREy 15, first imaginary zeros 
. 3D, J-s(x), ONo, first zero 

. 3D, Ja(x), 2 = 0(.1)1, Empe 1, first zeros; also first zeros, exact or to6D, m = — 1(4) +2 
. 3D, Jaci, T2274, HtDAKA, first 4 zeros 

- 3D, Janrsa(*), Jacara(%), Jucrse(x), Jxs/e(x), Dinntk 14, first 5 zeros 
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16. 2D, J_in(x), J-s4(x), Duyntk 8, 10, and Arrey 18, first 3 zeros; also first 2 zeros of 
Fs:sa(%), Ta214(%) 

17. 2D, Ju1(x), Dinntx 6, first 3 zeros 

18. 2D, Jasa(x), J23/s(x), Dinntx 5, first zeros; also first zeros, to 2D, of Jusse(x) 

19. 2D, Iasa(x) Tosa (Rx) ~ J asja(x) Siya( Rx) and J s1a(x) Tusa Rx) + J~s14(x) J-in(kx), DINNIK 
10, p. 19f, first zeros, k = 0(.1)1, and & = 0(.2)1, respectively 


C. Graphs 
5. J a314(x), J asi4(%), RUEDY & 0<x<8 
2. F(x) + G(x), J. Fiscner 1, p. 389, y/A = — 6(2) + 6; also K*(x) + L%(x), p. 393, 
— 100 < x/vA < + 110, where 10x = 2x(2°/*)(y/ad) 
3. om(x) = Z n-™[2.06{3xt/2-1/8} (2/3) !n8/8x-1/6 J, 6(mx) — 64x71 sin nx], m = 2,3, W. 
n=l 


W. Hansen, 0 < x < 3.2 
4. (1 + x2/p*)-Y8K1)4(2xp%[1 + x2/p*]#)/K14(2xp"), CAMPBELL & Foster, p = 0, .01, .1, 
5,°,-1<x<+1 
See also VI A: 5 


VII. BESSEL-CLIFFORD FUNCTIONS x”J,(x*) 


CLIFFORD recommended! the use of the functions defined by the 
equations 


(1) Clo(x) = Jo(2x4), Cla(x) = (— 1)"d*Clo(x)/dx* = x-*J,,(2x4). 


The more important properties and the applications of these functions are 
set out in detail by GREENHILL.? ArrEy constructed tables of Clo(x) and 
Cl,(x). Series involving the functions Cl,(— x) occur in work of SCHUMANN 
on the heating of a porous body by a warm fluid. He gives (p. 412-413) 
graphs of 


T, = e** ¥ 2*Cl,(— yz), Ty, = e** & 2Cl,(— yz), 
n=l n=0 
for y = 0(1)10, z = 0(1)10. These series represent the temperature in the 
solid and liquid respectively, the units being chosen so that T, + T, = 1, 
when y = 2. 

In I (3) we had A,(x) = m!($x)-"J,(x), and in IA, are a number of 
functions involving A,(x) for the case when n = 1. 

In his Institutionum Calculi Integralis, v. 2, St. Petersburg, 1769, p. 
187-189, EULER gave the complete solution of xy’ + ay = 0 in the form 
of series equivalent to x4J,(4aix#) and x Y;(2a'x}). 

In the paper of MicHELSON & PEASE on the measurement of the 
diameter of a-Orionis, use was made of the following integral for which 
MOULTON prepared a table and graphs: 


F(x,n) = f (1 — #)"*4 cos (xt)dt = (43/2)n!(2/x)"+*Jns1(x). 


Hamy published tables of 
S(gx) = (4/m)F(x,0), and T(}x) = (4/3) F(x, 1). 


1W. K. Ciirrorp, Mathematical Papers, London, 1882, p. 346-349. 
2G. GREENHILL, Phil. Mag., s. 6, v. 38, 1919, p. 501-528. 
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A. Tables and Graphs 


. 6D, Clo(x), Cli(x), Arrey 22, x = 0(.02)20 
. 3D, x4J3(2x4), xt ¥3(2x4), Bares & Massey, x = 1(.1)2(.25)5 
- Clo(x), Chi(x), JAHNKE & Empe 1: (fig. 122) — 1s (fig. 89), graphs, 0 < x < 60 
. 9D, A(x), NYMTP4, » = 2, 3,x = 0(.05)10;” = 4, 5,x = 0(.05)6.5(.1)10; 2 = 6, 7, 8, 
x = 0(.05)1.5(.1)10; 2 = 9(1)20, x = 0(.1)10; 3,,? 
. 7D, Aa(x), DARMSTADT 
6. 4D, A,(x), JAHNKE & Empe 1: (p. 250f) — 15 (p. 180f), » = 0(1)8; x = 0(.02)10. Also 
graphs, 1: (fig. 132) — 1s (fig. 99),0 <x < 10 
7. 3D, F(x, n), MouLton, = 0, 1, 2; x varying differently for different values of n, e.g.: 
n = 1, x = 0, 100°, 130°, 160°, 200°, 230°, 240°(40°)440°, 520°, 600°; x = 2, 
x = 0(40°)720° 
8. 4D, (4/x) F(x, 0), (4/34) F(x, 1), Hamy, for x = 0(.2)4.2 
9. 6S, n!(— 4x)-*e*I, (x), AtrEY 27, p. 231, 235, 239, 241, m = 0(4)14, 
x = 0(.01).05(.025).5(.05)1(.1)1.5(.25)4; see III A, 33 
See also I A: 


WN 


wn 


VIII. J,(x), AND OTHER FUNCTIONS, AS FUNCTIONS 
OF THE ORDER 1 


The function 
D(x) = 0F,(x)/an 


first became important when Stokes, following the method of Potsson, 
obtained a second solution of Bessel’s equation of zero order by considering 
the limit of the quantity 


(1/n)[Jn(x) — (— 1)"J-a(x)] 


as tends to zero. A similar device was employed later by other writers in 
obtaining a second solution of Bessel’s equation when the order is an integer. 
SCHAFHEITLIN found a remarkable connection between the function 
D,(x) and the functions Si(x), Ci(x) [see Section IV where V,(x) = D,(x)]. 
His relations 
Dy(x) = Jy(x)Ci(2x) — J_4(x)Si(2x), 
D_,(x).= J_4(x)Ci(2x) + Jy(x)Si(2x), 


were rediscovered by ANSELL & FISHER! soon after Fisher had shown the 
importance of D,(x) in the theory of statistical estimations. 

ArrEy 30 has constructed tables of D(x) and D«3/2(x) and has shown 
that values of D,(x) when m is half an odd integer may be derived by 
means of the recurrence relation 


Dy-1(x) + Dasa(x) = (2m/x)Da(x) + (2/x)Jn(2). 


For integral values of x he gives the relations 


Dax) = — Ga(x) + 4(n!) = (2/x)"-*J,(x)/s\(n — s)! 


Dalz) = (— 1)"*Ga(x) + (0!) = (2/x)"*Ju(x)/(s(n — )!)]. 


1P, R. Ansett & R. A. Fisner, “Note on the numerical calculation of a Bessel 
function derivative,” London Math. So., Proc., s. 2, v. 24, Records, June 11, 1925, p. iii-v. 
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A. Tables, graphs, and charts 


1. 6D, D,(x), mn = + .5, + 1.5, Arrey 30, x = 0(.1)20 

2. 5D, Da(x), m — x = — 1(.1) + 1, Arrey 32, x = 0(.1)20 

3. 4D, aD, (x)/an, n — x = — 1(.1) + 1, Arey 32, x = 0(.1)20 

4. Da(x),n = + .5, + 1.5, graphs, JAHNKE & EMDE 1: (fig. 96) — 15 (fig. 71), 0 <x < 20 

5. First function values J,(x) = .001, J,(x) = .005, graphs, JAHNKE & EMDE 1: (fig. 127) 
— 1s (fig. 94), 10 < » < 5000 

6. J,(x) as a function of x and 2, relief, JAHNKE & EMDE 1: (figs. 92-93) — 1, (figs. 67-68), 
(67) m = 0(1)10, x = 0(1)20; (68) m = — 4(1)0, x = 0(1)14 

7. Curves J,(x) = const. in the plane n,x, JAHNKE & EMDE 12 (fig. 114) — 1s (fig. 84), 
n= — 4(1) + 8, x = 0(1)18 

8. Curves of no. 7, shown on the surface z = J,(x), JAHNKE & EmbE 1: (fig. 115) — 1s 


(fig. 85) 
9. jne — m as a function of m, graph, JAHNKE & EmpE 1;— 1; (figs. a 87, b 88, c 90), 
(a) m = 0(1)20; (6) 2 = 20(5)100; (c) m = 50(50)1000 
10. Curves Y,(x) = const., JAHNKE & EMDE 1¢ (fig. 136) — 1s (fig. 103), m = — 5(1) + 6, 
x = 0(1)16 
11. Surface z = J,(x), JAHNKE & EmDE 1; — 1; (fig. 126), m = 0(2)10, x = 0(2)10 
See also: I C, 1, 2, 4-8, 14-19, 22, 24-25, 27-30; I C. 1; IE, 7-16; II A; 6-9; IIIA; 1-2, 4-13; etc. 


IX. THe Functions oF LOMMEL [Sm.n(x), Sm.n(x)], 
ScHLAFLI [F,(x)], LOMMEL-WEBER [©,(x)], 
RAYLEIGH [r;(x)], AND STRUVE [H,(x)] 
The functions Sm,n{x), Sm,n(x) of LomMEL! may be defined by the 


equations 
4acsm,n(x) = x™*4F(1;a + 1,¢ +1; — 32°) 


Sin, n(X) = Sm, n(x) +2"—-1(a—1) !(C—1)! ese (nw) [sin (ar) J_»(x) —sin (cr) J,(x)] 
where 20 = m—n+1,2c = m+n2+1. 
The related function 7, ,(x) of GOLDSTEIN is given by 


Ti, n(x) = S1,n(ix) — n exp (4n7i)K,(x). 


The function H,(x), which has been called Struve’s function (STRUVE 
1, 2) is related to Sn, n(x) in the following way 


Hi, (x) = Ya(x) + 2!-*Sn, n(x)/[3x8(n — $)}]. 
If 
1 #  # 
P3 Post 232527 





R(x) = r++ = (30 /x*)Hi(x), 


the function 7:(x) used by RAYLEIGH 2 is 7;(x) = (2x*/)R(x) while generally 


H,(2) = [2(32)"a-4/(n — $)!] f sin (2u)(1 — u*)"-tdu. 


The integral tabulated in StruvE 2 may be expressed in the form 


f R(t)dt. The LoMMEL and Struve functions give useful expressions for 
2z 
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integrals involving Bessel functions, thus LoMMEL 1 gave the formulae 
f i™J,,(i)dt = (m + n — 1)2Jn(2)Sm—1,n—1(2) — 25 n—1(2)Sm, n(2) 
0 


F imY,(t)dt = (m + n — 1)2Va(2)Sm—1, n—1(2) — 2Vn—1(2)Sm, n(2) 


| Salt) @ tet Vd f "gm Jq(t)dt — Ja(2) f * mV, (t)df). 
| If 


Lo(x) = ¥ Ga)™4/[n + DP 


is the function used by NICHOLSON ? 


f * Ko(t)dt = darx{Lo(x)Kx(x) + Lo! (x)Ko(x)]. 


This formula was used by OWEN for the computation of the integral, and 
preliminary tables were made of the functions Lo(x), Lo’ (x). 
The Lommel-Weber function may be defined by the integral 


— 2,(x) = (1/7) f sin (nt — x sin t)dt 
0 
and differs in sign from the function denoted by ©,(x) in ArrEy 2 (corrected 
in AIREY 21) and by £,(x) in WATSON 3. In terms of this function 
Hy(x) = Q(x), Hy(x) = Q1(x) + 2/x 
ri(x) = x[Qi(x) + 2/z]. 


The Poisson-Anger function in the notation of NIELSEN * is 





V(x) = (1/7) f cos (x sin t — nt)dt 


> 
| 
and Schlafla’s function F,(x) is F,(x) -f e~7ainhe—nudy; SCHLAFLI ob- 
0 
| tained the relation 4 
F,(x) = (x/sin nx)[¥.(x) — Jn(x)]. 
| In terms of ¥,,(x) 
sin (m2)Q,(x) = cos (mr)¥,(x) — V_,(x) 
y sin (nr) V,(x) = cos (nx)Q,(x) — Q_»(x). 
The incomplete functions 
z z 
u;(x) = f cos (r sin t — pt)dt, v;(x) = f sin (r sin t — pt)dt, 
n 0 0 
. have been discussed by P. and E. BRAUER who have made some 6-place 


tables for x/# = 0(.05)1, p = 0(.05).5. 
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The series F;(x), F3(x), Fs(x), G(x), tabulated by GoLDsTEIN are 


G(x) = x8/(1 + x*) — (8/x*) 4 Fensa(x)/(2m + 1)? 
where 
Fomyi(x) = x°/(1 + x*) — Ti omyi{(2m + 1)x}. 
For the series 
G(x) — (2/n) zy CmTamy{(2m + 1)x} /Tomsal(2m + 1)xo] 


the quantities Cn = x$Cm/[(1 + x6)2m], Ci: = 4, C2 = _ C= aac yttty 


xo = 2(1)10. The series was tabulated to 3 places for x = 0(.2)2(.5)10 and 
for 2.8(1)9.8. For the value x» = 5, » = 2, a table is formed for the series 


— b2t/(1 + 24)] — 8/a*) E Fo.amsa(e)/(2m + 1) 





2 © 
— (2/s) — Am poms) {(m + 4)px} /Tpemn {(m + })pxo} 
1 + X0 m=0 
1-3 1-3-5 
where Ay = 1, 3A; = 3, 5A2 = 2-4! 1A3 = ae *** The range is 


= .1,.2(.2)2(.5)5; a value is also given for x = 4.8. 


1E. Lomme., Math. Annalen, v. 9, 1876, p. 425-444. 

2J. W. NicHoxson, Quar. J. Math., v. 42, 1911, p. 216-224. 

3N. NIELSEN, Handbuch der Theorie der Cylinderfunktionen, Leipzig, 1904. 
4L. ScHLArii, Math. Annalen, v. 10, 1876, p. 137-142. 


Ai. Q(x) = Hi(x), Q,(x), Hi,(x) 


. 7D, Qo(x), WATSON 3, x = 0(.02)16 

. 7D, Hi(x) = 21(x) + 2/2, Watson 3, x = 0(.02)16 

. 6D, Qo(x), 2i(x) = Ai(x) — (2/x), AtREY 21, p. 280f, x = 0(.02)16 

. 4D, Qo(x), 21(x), Hi(x), JANKE & EMDE 13 — 15, x = 0(.01)14.99, A 

. 4D, Ho(x), Hi(x), McLAcHLAN 2, p. 176, x = 0(.1)15.9 

. 4D, Ho(x), Hi(x), GLAZENAP, x = 0(.02)16 

. 4S, Ho(x), 3 zeros, MCLACHLAN 2, p. 66 

. 4D, 2Ai(x)/x[= M(x)], Morse, p. 337, « = 0(.1).2(.2)4(.5)10(1)15 

. 3D, ao, Bo, in tanh (ao + 180) = 1 — (2/x)Ji(x) — 21Hi(x)/x, Morse, p. 337, 
x% = 0(.1).2(.2)4(.5)10(1)15 

10, 2D, 2xHi(2x) = 7:(2x), MCLACHLAN & SowTER, x = .25(.25)1(.5)10 

11. 4D; 5D, wHi(x)/2x* = R(x), MmtneE & Fow Ler, x = 0(.5)5(1)8; 9, 10, 12. Also a 

graph 0 <x <7 
12. 2-3D, [nR(x)#, Mitne & Fow er, m = 1(1)5, 2x = 1(1)4(2)12 
13. 3D, (3x*/x)R*(x), MitnE & Fow.er, 2x = 1(1)4, 6 


COonaur WH 


A:. Q,(x) and its functions 


. 6D, 24(x), O_4(x), AtrEY 25, x = 0(.02)20 

. 6D, 2,(n), Qn_i(m), AtREY 20, 4n = 0(1)40 

. 6D, Qam—1(2m) — Qemsi(2m), AIREY 16, m = 1(1)15 
. 6D, Fan(n), Faetn—1("), AIREY 20, 4n = 0(1)40 


Wh 








rm 
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B. Miscellaneous 
1. 4D, [x*/(1 + x*)] — T1,.(nx), and G(x), GoLpsTEIn, p. 446, 2 = 1, 3, 5, 


x% = .2(.2)2(.5)5(1)9 
2. 6-7S, Lo(x), Lo’(x), OWEN, x = .02,.1,.5,1(1)12 


C. Graphs 


1. 2,(x), JAHNKE & Empe 13 — 1, (fig. 116), 0 < x < 16 

. siny = {1/[Jo?(x) + Qe?(x)]}[.SxTo(x) + Qo(x)(Jo%(x) + Q(x) + .25x*)4], Grammer 3, 
0<¥y < 360° 

. Ho(x), Hi(x), McLacuian 2, 0 < x < 16 

. Hox), Hi(x), JAHNKE & Empe 1; — 1, (fig. 117),0 <x < 15 

- Jo(x), Ho(x), (Jo(x) + He*(x)]}', MENGES 

. *Hy(x) = r1(x), MCLacuian 1, 0 < x < 10 

- 1 — Ji(2x)/x and 1r:(2x)/2x* = Hi(2x)/x, A. H. Davis, 0 < x < 15 

See also IX A; 11 


dS 
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X. INTEGRALS INVOLVING BESSEL FUNCTIONS 


In this Section it will be convenient to use a bar notation and write 


J.(x) = i "J,(t)dt, P(x) = f  y,(O)dt, 1.(x) = f ” I,(0)dt, 


R,(x) = f ” K,(t)dt, Ima(x) = f “ u"I,(u)du, Re a(x) = f * u"K(u)du. 


Use will also be made of the notation of BickLEY and NAYLER 
Ki,(x) = f exp (— x cosh u) sech* udu = f Ki,-1(t)dt 
0 z 


x f ” (t — x)"1Ko(t)dt/(n — 1)! 


The integral of SEELIGER 
f exp [— x(1 — #)-|dt 
is seen to be Ki2(x). Use will be made also of the notation 
ee) = J Hnae/e, ste) = J" recmanr 


h(x) = (1/7) f HA, ()dt/? = f R(é)dt (Struve’s integral). 
z 2z 
The integrals of HAVELOCK 1, 


«/2 
Pon(x) = (— 1)" f cos”" ¢ sin (x sec t)dt 
0 


x/2 
Pongi(x) = (— 1)*7* f cos*"*! ¢ cos (x sec t)dt 
0 
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are expressible in terms of Yo(x), Yi(x), and Yo(x), while Yo(x) is calculated 
from the formula 


Yo = xYo <— dax(YVoH, —_ YA). 
In particular 


Po(x) = —4e¥0(x), Po(x) = f * Po(t)dt = 1 + P,(x). 
Havelock also writes 
Qx(x) = f “Qed, where Qo(x) = de f ” [Ho(t) — Yo(2)|dt. 


His integrals J; and J; may be written in the form 


Ton+1 = F,,(0) - 2F (x) + F,,(2x); 
F,(x) = Fr exp. (— x cosh? u)du/cosh™" u 
0 
= 1/[2(n — af (t — x)"“e-"'Ko($2)dt. 


Some integrals which originated in problems treated by EuLER ! in 1743 
and 1781, and now called Fresnel Integrals, are defined as follows: 


3 f J,(t)dt 
0 


4 [20a 
0 


where x = }2u?. There are a number of tables for S(2x/m)!, and C(2x/z)}. 
See also Section XII. 


The Integrals used by SCHWARZ may be defined as follows: 


S(u) = f " sin (}ut*)dt 


Cla) = f ” cos (}xt*)dt 


Jc(k, x) = f Jo(ku) cos u du, Js(k, x) = f Jo(ku) sin u du 
0 0 


Yce(k, x) = f Yo(ku) cos u du, Ys(k, x) = f Yo(Ru) sin u du. 
0 0 


They are connected by the relations 


Cc(k, x) = Ye(k, x) — (2/2) In (kx) Jc(k, x) 
Cs(k, x) = Ys(k, x) — (2/2) In (kx) Js(k, x) 


with two other functions which have been tabulated. 
An integral used by KUssNer is defined by the equation 


S(x) = (hin)x f " Gibdidiate 


where 


Gi(u) = Ai(iu) — Viliu) — 2/z. 
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The integral used by KiNG will be defined as follows: 


Ke(x) = f ” e*Ko(u)du. 


1See R. C. ARCHIBALD, “Euler integrals and Euler’s spiral—sometimes called Fresnel 


integrals and the clothoide or Cornu’s spiral,” Am. Math. Mo., v. 25, 1918, p. 276-282. 


(On 


. 280, 1. 2 and 14, for Peters, read Gilbert.) Some tables not listed in the present text 


are there indicated. 


an an FWD 


ai. 


12. 
13. 


15. 


16. 


17. 
18. 


19. 


20. 





A:. Integrals involving J,(x), Y,(x) 


. 10D, Jo(x), Yo(x), Lowan & ABRAMowITz, x = 0(.01)10 
. 7D, 43 0(x), 4¥o(x), WATSON 3, x = .02(.02)1 

. 7D, 43 (x); 4¥ (x), WATSON 3, x = x0; ys, s = 1(1)16 

. 4D, 4Jo(x), 4¥o(x), GLAzenap, x = .02(.02)1 


. 4D, | = etre Jo(aut du, SILBERSTEIN, a = 0, and a{10°/(2n)] = 1, 10(10)30; » = 0(.1)3 
. 10D; 12D, Jio(x) = f Jo(t)dt/t, F(x) = Jio(x) + In (x/2), Lowan, BLANCH & ABRAMO- 


witz, x = 0(.1)3, with &, 5‘, 5 for F(x); also, T. II: Jio(x), with &, 5 (modified), 
x = 3(.1)7; also T. III: reduced derivatives of F(x), values of A,(x) = F(x)/n!, 
Ao(x) = F(x), m = 0(1)13, x = 10(1)21; T. II to 10D; T. III to 12D 


. 4D, fi J,(t)dt/t, WiLToN 
. = 4D, g(x), Gans 4, x = 0(.1)14, 15. Also W? = [g(x + y) — g(x — y)F (a) y = 1, 


x = 0(.2)10; (b) y = 2.6, x = [0(.2)11.4; 34D]; (c) y = 4, x = [0(.5)10; 34D]; 
(d) y = 7, x = [0(.4)6.8, 7, 8; 3D or 4S]; graphs for (a)—(d) 


. 3D or 4S, W = Wo — 2 [cos (xt) Ji(t)dt/t, Wo = 2(1 — x*)3, x <1; We = 0,22=1, 


Gans 4, p. 19, table of Wi, Wi, We?, x = 0(.2)1(.1)1.8, 2 


. 6D, Integrals from 0 to 1 for each of the following functions: (a) 1/Jo(x); (b) x/Ji(x); 


(c) In Jo(x); (d) xJo(x)/Ji(x); (e) Ji(x)/Jo(x); (f) Je(x)/Si(x); (g) In| Jo(x)|; (h) 
In|2Ji(x)/x|; (@) In|1/Jo(x)|; (j) In|x/2Ji(x)|; (k) In| 8J2(x)/x*|; () In| x*/8J2(x)|, 
Brixy 2 

4D, Twice the integrals from .5 to 1 of (a) Jo(4v*/* — 3v4), (b) Jo(6v*/? — 4.7503), (c) Jo(1-20), 


STEWARD, p. 175, 177; also graphs of [1/(1 — a) f, Jo(4v*/? — zv)dv, a? = 0, 3, 1 
2D, [ J * Jolv)dv — rie)| / Ji(x), SCHELKUNOFF, p. 324, x = 1.841 
7D, n J ” Ja(nx)dx, WATSON 2, n = 1(2)23 


. 4D, Fo(kr) = Ir Jo(mr)dm/(m + k), and 1 — krFo(kr), to 3D, Lame 7, 


kr = 0(.05).1(.1)1 
4D, Fi(kr) = i mJ,(mr)dm/|k(m + k)], and 1 — (kr)*Fi(kr), to 3D, Lams 7, 

kr = 0(.05).1(.1)1 

4D, J. J(mr)m(m — n)dm/\(m + a)(m + b)], Laue 7, n(a — b) = ab, a = Sb, 

ar = 0(.05).1(.1)1 

4D, h(x), SrRuvE 2, x = 0(.1)4(.2)7(.4)15 

6D, j(x) — j(y), STEINER, where the 49 values of x and y are maxima (0 to 154,72331) 
of Ji(t)/t 

3D, I= ri "du /ul Jeu) + Yo?(u)], JARGER & CLARKE, 

x = 0(.01)1(.1)10(1)100(10) 1000 

4S, (8/r)I (no. 19), Perry & BERGGREN, p. 70, x = .001, .005, .01, .02, .05, 
.2(.2)1(.5)3.5. There is also, on p. 72, a table of values (to 4D) of a much more com- 
plicated integral involving Jo and Yo. 


Se ee ee ane 


rn en 


250 GUIDE X A,-B 


25. 


26. 
27. 


28. 


29. 
30. 


31. 


ona u FF Whe 


= 


® Ww DN 


. 6D, Je(k, x), Is(k, x), — Ye(k, x), — Ys(k, x), SCHWARZ, k = .1(.1)1, x = 0(.02)2 

. 8D, Je(k, x), Js(k, x), SCHWARZ, k = .1(.1)1, x = 0(.1)5 

. 6D, Ye(k, x), Ys(k, x), SCHWARZ, k = .1(.1)1, x = 2(.1)5 

. 6D, — Cc(k, x), — Cs(k, x), SCHWARZ, k = 0, .1, x = 0(.02)1.58; k = .2, x = 0(.02).88; 


k = .3, x = 0(.02).62; k = .4, x = 0(.02).48; & = .5, .6, .7, x = 0(.02).38; k = .8, .9, 
x = 0(.02).28; 2 = 1, x = 0(.02).2 

3D, (2/x) Jy (Kot pat/Ko(xt), OLLENDorFF 1, x = .001, .01, .05, .1(.1)5; also for this 
range of x the same integral with the limits .1 to 3 

3D, (2/2) J Ki Koltytat/Ko(sxt), OLLENDoRFF 1, x = .001, .01, .05, .1(.1).5 


SD, (ir)x * [Hi(iu) — ¥s(iu) — 2/x]du/u, Kissner, real and imaginary parts 

x = 0(.02).6(.1)1(.2)6(1)10(2)14, 20, 

3D, f J:2(cs)sin(bs)ds/s*, f~ T#(cs)oos(bs)ds/s*, Srexé, b/2c = sin 6 

@ = 0(5°)30°(10°)90° 

4D, P,(x), » = 3, 4, 5, HAVELOcK 1, x = 0(.4)4.8, 5(1)10 

7D, g(m, n) = SF €**In(t) Jnlt)at/t, NoMURA 2, (m, n) = (1, 0), (1, 1), (2, 0), (2, 1), 
(2, 2), (3, 0), (3, 1), (3, 2), (3, 3), (4, 0), (4, 1), (4, 2), (4, 3), (4, 4), (5, 0), (5, 1), (5, 2), 
(5, 3), (6, 0), (6, 1), for x = .4(.2)1.2, 1.5(.5)3, 5 and 10, 20 in some cases. There are 
also tables, to 5D, of Gy* = (4k+-2)g(2p+1, 2k+1) and of Gf, = (4k+4)g(2p+2, 2k+2). 
In Nomura 1 and 3 the tables of g(m,m) are also to 7D, and m and n are halves of 
integers, m + m varying from 1 to 8. In Nomura 1 there are also tables, to 5D, of G,*, 
Gt,» where now, for example, Gf,, = (4% + 5)g(2p + 3/2, 2k + 3/2). 

5S, San(x), (— 1)"Con(x), STENZEL, x = 1(.25)10 


A>. Fresnel integrals S(u) and C(u) 


. 4D, FRESNEL, u = 0(.1)5.5 

. 4D, Arry 1, uw = 0(.1)5.5 

. 4D, IGNATOWSKY, and JAHNKE & Empe 1; (p. 26) — 1s (p. 34), w = 0(.1)8.5 

. 6D, log S(u), log C(u), Ienatowsky, u = 0(.1)8.5 

. 4D, 3[S*(u) + C*(u)], Ignatowsky, u = 0(.1)8.5 

. 4D, C2(u) + S*(u), SILBERSTEIN, u = 0(.1)3 

. 3D, 2-4S(u), 2-*C(u), Bouman & Jonc, u = 0(.1)8.5 [argument 2.54 = 100x] 

. 4D, £{[1 + C(u) + S(u)P + [C(u) — S(u)}*?}, Mavyarr, uw = .01(.01).1(.05)1(.1)5.5; 


also 3{[1 — C(u) — S(u) + [C(u) — S(u)?}, u = .05(.05)1 


A;. Fresnel integrals S[(2x/x)], C[(2x/2)#] 


. 7D, Watson 3, x = 0(.02)1 
. 6D, LomMMEL 3, x = 0(.1)1(.5)50; also interpolation tables, and maxima to 6D, x = nx 


for S, and x = (nm — 4)x for C, m = 1(1)16 


. 6D, Watson 3, x = 0(.5)50; also maxima to 6D, x = mx for S, and x = (n — 4)x 


for C, m = 1(1)16 


. 6D, ArreEy 26, x = 0(.1)20 
. 5D, Hayasut 2, x = 0(.02)1(.5)50; also maxima to 5D, x = nx for S,and x = (n — 4)x 


for C, m = 1(1)16 


. 4D, JAHNKE & EmpeE 1; (p. 25) — 1s (p. 35), x = 0(.1)1(.5)50 


B. Integrals involving J,,(x), Kn(x) 


. 8D, In(x), m = 1, 2, Hay, x = 2.8 

. 7D, To(x), Burstan & Fox, x = 0(.1)6 

. 7D, eI o(x), Burstan & Fox, x = 0(.1)16 

. 6S, To(x), R. MULLER, x = 0(.1)5.2(.2)16, # 
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11 


14, 


15. 
16. 


- 3D, 1-60) = fo etd OD? + ED), Wi) = 1 — fede" + AY), 


18. 


19. 


20. 


xr nA wn -Fwdne 
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. 8D, £ x'Inn(x)dx, Hay, m = 2,t = 1,2 
. 7D, (1/x) Z: tPdt/I,2(t), WATSON 4, n = 0, 1; p = 2,4 


. 3D, F(x) = 8x-te=* i 4 Pe~*Io(2xt)dt and [x4/2x] F(x), WAGNER, x = 0(.1)1(.2)3 
. 7D; 8D; 9D; 10D; 11D; 12D, Ko(x) = 4 — Kis(x), Bursian & Fox, x = 0(.1)1.3; 


1.4(.1)3.3; 3.4(.1)5.4; 5.5(.1)7.6; 7.7(.1)9.8; 9.9(.1)12 


. 7D, #Ko(x), Burstan & Fox, x = 0(.1)16 

. 7D-6D, Ro(x) = 44 — Kis(x), Owen, x = .02, .1, .5, 1(1)12, © (x/2) 

. 5D, SI uK,(u)du = Ko(x) — xKo(x), CHANDRASEKHAR, x = 0(.1)4.5, © 
22. 
13. 


4S, Ky(x), Bror, x = 0(.1).2,.5,1(1)5 
6D; 4D; 3D, Ke(x) = F e'Ko(t)dt, Kine, xt = .01(.01).1,5(1)10; 


x = .02(.01).1(.1)3(.2)6(.5)10(1)20; xt = 5(1)10; also x/Ke(x), to 4D, throughout the 
range 

6D, T(x), Davin & FIELLER, m = 0(.5)11.5, 

x = 0(.1)4(.5)18 [Tin(x) = 2-tx™ Ky, (x)/{2"(m — 4)!}] 

9D, Ki,(x), BickKLEY & NayLer, m = 1(1)16, x = 0(.05).2(.1)2, 3 

6D, Kis(x), SEELIGER, x = .25(.25)7 


Sears, D = Ko(t) — Ki(t), E = Io(t) + I(t), x = 0(4)1(4)2(2)10(5)30, 40; graphs of 
1 — ¢(¢) and ¥(¢) 


4D, Ip = (1/x) i [1 — Je(r) — Jit(r)]dr/(4a* — r*)A 

=}— (1/x) fee) + J:(r)|dr/(4a* — r*)4, tables of Ip, 3 — Ip, Nacaoxa 3, 
T. I, @ = 20(5)50(10) 100(50)300(100) 1000(500)3000. 

4D, S = (ak’/x) | {1 — Jo%(x) — Ji*(x) }dx/[kx(x* — atk”)§], Nacaoxa 3, T. IV, 
2ak’ = 0(.1)3.8,3.8317; k, k’, x1, connected with an elliptic integral in the derivation 
4D, Tn = Jf." {1 — Jela(t + »)(1 — Msin?y)!] — Jila( + »)(1 — Msin-*y)i)} Rady / 


(1 — Rsin-*y), Nacaoxa 3, T. VII, 2ak’ = .1(.1)3.8,3.8317; k’ =|1 — »|/|1 + >| 
= (1 — &*)#, are connected with an elliptic integral in the derivation 


C. Graphs 


. (1/x)Jo(x), F. A. Fiscuer, 0 < x < 15 

. (1/x)Jo(x), DEBYE, 0 < x < 20 

. Jo(x), BLACKMAN, 0 < x < 2.8 

. Jc(k, x), Js(k, x), Ye(k, x), Ys(k, x), 0 < k =1, O25, ScHwarz; see XA; 20-22 


; a Ji(xu cos ¥) sin u du, Lasus, x = .4(.1).6(.2)1, y = 0(10°)90° 
" f Jo(4u*!? — zut)du, SrewarD, p. 154, 184, — 10 <2 < +10 
. e*[1 + yas exp {— #/(8x)}J:(¢)dt], Norpsteck, Lamp & UHLENBECK 2 = 7, 


x = 0(2)12; and z = 4.75, x = 0(4)20 


. {[x2(3 — a*)/12]/faxIo(x)/To(ax) — 1]} — 1, Rupotpu, 0 < x < 11, a = 0, .8, .9, .95, 1 


9. JAEGER, I(}rk-4, 4xk-4; a), fig. 1, JAEGER, a = 0(2)10; & = [.2,.5,1,2.5,5,10], where 


os 
o 





1(p, 4:2) = J exp(— xu*)du/lu(P + Y%)], J = pusi(u) + gJolu), 
VY = puYi(u) + g¥o(u); also, fig. 2, lim [Z(1, g; 0) — Z(1, g; @)] 
qo 


Contours of f Jo{ (x? + ¥"%)v — 8yv* + 160*}dv = const, SrEwarD, p. 156, |x| < 10, 


ly| < 10 
F,(0) — 2Fa(x) + Fa(2x), HAVELOCK 2, n = 2, 3,0 <"*x <4 
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12. (1/4k)[Q:(p + k) — Q1(p)], HaveELock 3, k = 0(1)3, p = — 4(1)3 

13. (1/k)[Po(p — k) — Po (p)], HAvELock 3, k = 0(.5)1(1)6, p = 0(1)10 

14, 0o(x) = (2/x) JP (Ko@Pae/Ko(xt), OLLENDoRFF 1, also 1/[200(x)], x = 0(.1)1, and 
x = 0(.02).2 

15. Oo(x, y) = (2/n) ; * Kolt)-Ko(yt)dt/Ko(xt), OLLENporFF 1, x = .01, .05, .1(.1).5 
y = 0(.1)1 

See also X A; 8, 11; XB 17 


XI. BEssEL FUNCTIONS OF A COMPLEX ARGUMENT 


The function Jo(xi#) occurred in 1850 in the work of SToKEs 1 on the 
effect of the internal friction of fluids on the motion of pendulums, and 
again in 1889 in the work of KELVIN’! on electric currents. Bessel functions 
of a complex argument soon became well-known to electricians and were 
found to be useful also in hydrodynamics and the conduction of heat. 
Kelvin’s ber and bei notation has been adopted with some modifications 
and extensions which may be described as follows: 


ber, x + ¢ bei, x = M,(x)e*.@ = J,(xi*/*) = i"I,(xt#) 
ker, x + ikeinx = N,(x)e*en® = 7"K, (xi!) = }ai1H,™ (xt?/?) 
her, x + ¢@ hei, x = H,(xi?/*), yernx +7 yeinx = Y,(xi?/?) 


In particular, for example, 
ber x + 4 bei x = I(x#4), yer x +iyeix = Vo(xi*/?) 


The functions ker x and keix were introduced by RussELL in 1909 
and the more general functions ber, x, bei, x, ker, x, kein x by WHITE- 
HEAD? in 1911. The terms her, x, hei, x, yer, x, yein x were added by J. 
C. P. MILLER in the Liverpool Index. We shall not use the notation 
ster, x + 7stei, x = H,(x7*/?), offered by MCLACHLAN & MEYERS. 

In such a table as NYMTP 3, for Jo(z) and J;(z) if z = re* 


Jo(z) _ uo(r, 6) + ivo(r, 6), Ji (2) -_ u(r, 0) + ivi(r, 6), 
then 
se - Vo(x, im), 
v3(x, in). 


ber x = uo(x, tx), bei x 
ber, x = — u(x, 47), bei; x 


Similarly, in NYMTP 6, if 
Yo(z) = Uo(r, 0) + tVo(r, 8), Y,(z) = U,(r, 6) + iVi(r, 8), 
then 


ker x = — $a[Uo0(x, 43) + v0(x,32)], keix = $2[Vo(x, 4) — uo(x, 42)], 
ker: x = $n[Ui(x, im) + 04(x, in)], kei x - $n[— Vilx, im) + ux(x, in). 


It will also be useful to note that 


ber’ x = [bei; x + ber: x]/2!, bei’ x = [bei; x — ber; x]/2}, 
ker’ x = [kei, x + ker; x]/2!, kei’ x = [kei,; x — ker, x]/2?. 
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SAVIDGE 1, and RUSSELL, used the abbreviations 


X = X(x) = ber? x + bei? x, V = V(x) = ber” x + bei” x 
W = W(x) = ber x bei’ x — bei x ber’ x, 
Z = Z(x) = ber x ber’ x + bei x bei’ x. 


For the corresponding combinations of the ker and kei functions a similar 
notation with the suffix 1 was used. This notation was modified by Cos- 
TELLO * into 


X® (x) = ker? x + kei? x, V®(x) = ker” x + kei” x, 
W®™ (x) = ker x kei’ x — kei x ker’ x, 
Z™ (x) = ker x ker’ x + kei x kei’ x. 


and for the mixed functions for which SAVIDGE uses letters other than X, 
W, V, Z, Costello writes 


X (x) = ber x ker x + bei x kei x, X™ (x) = bei x ker x — ber x kei x 
V(x) = ber’ x ker’ x + bei’ x kei’ x, V“™(x) = bei’ x ker’ x — ber’ x kei’ x 


while BRASEY writes B(x) for xZ(x). Polar forms of the functions have been 
used by some writers, thus the notation M,(x)e® above has been em- 
ployed by KENNELLY, LAws & PIERCE 1, and the corresponding notation 
N,(x)e**@ by McLAcHLan & MEYERS. 

The four functions which B. A. Smita 3 calls Michell functions in honor 
of J. H. MIcHELL who interested him in the tabulation of Bessel functions of 
the second kind, occurred first in the work of SmiTH on arched dams and 
then later in the work of HOLLISTER on hemispherical shells having tapered 
edges. The general solution of the differential equation which here comes up, 


D?(x*DZu) + xu = 0 
will be written in the form u = Am, + Bm, + Cm; + Dmg, where 


m, = m(x) = 21J,(z) + wJi(w), 2 = 2(ix)!, w = 2(— ix)!, 
Mz = m(x) = 2i[zJi(z) — w4Ji(w)], 


ms = m3(x) = — 2(In 2 — 1)m, — fam, + Ast Y(z) + wt Y()], 
ms, = mx) = — 4am, + (In 2)m, — 2i[z7° Y™(z) — w* Y(w)]; 
m, = x~' bei’ (2x4), mz = — 2x-! ber’ (2x!) (see also p. 308), 


and Y®(z) is Neumann’s Bessel function of the second kind. 
In Télke’s tables the following notation is used 


J,(xit) = Jpr(x) + tJpa(x), 
Hy) (x4) = Hy? (x) + iHj2(x), 
Gpi(x) = 3eHy2(x),  — Gya(x) = $nHjr(x). 


Thus Jo, = berx, Jos = beix, 25(Ji: F Juz) = ber’x and bei’ x, 
Jo, = bere x, Jez = beie x, (Js1 F Js2) = — (bers x + beis x); Gor = ker x, 
Go = kei x, 2-*(Gu - Giz) == ker’ x and kei’ x, Ga = kere x, Gee = keis x, 
(Gsi  Gs2) = — (kers x + keis x). 
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In tables of Dubois the following notation is employed 


J{2(ix)] = — Ii(x) — iIs(x),  wH¥[2(ix)*] = n(x) — i; (x), 
aH$[2(— ix)*] = Ig(x) + aI3(x). 
Hence, 


Ja = — 1;, Jo = — Is, Ga = 31s, Goo = $14. 


1 Ketvin, “Ether, electricity and ponderable matter,” So. Electrical Telegraph En- 
gineers, J., v. 18, 1889, p. 4-37; also in Mathematical and Physical Papers, vy. 3, London, 
ee Univ. Press, 1890, p. 484-515. 

*C. S. WHITEHEAD, “On a generalisation of the functions ber x, bei x, ker x, kei x,” 
Quart. J. Math., v. 42, 1911, p. 316-342. 

3J. B. CostEtto, “Bessel product functions,” Phil. Mag., s. 7, v. 21, 1936, p. 308-318. 


A. Jo(z), Js(z), Yo(z), ¥i(z), z = re® 


- 15D, Jo(z) = uo(r, 0) + ivo(r, 0), r = 0(1)10, NYMTP 1, @ = 0(5°)90° 
2. 10D, Jo(z), Ji(z) = us(r, 0) + ivi(r, 0), y = 0(.01)10, NYMTP 3, @ = 0(5°)90° 


3. 10D, Jo(z), Ju(z), r = 0(.2)8, Dinntx 11, 0 = = (=) Se; len Gor the pamee range % 


16 \ 16 
and 4, 0 = x/2 — .001 
4. 10D, Yo(z) = Uo(r, 0) + iVo(r, 6), Yi(z) = Uilr, 0) + iVi(r, 6), r = 0(.01)10, NYMTP 
6, 8 = 0(5°)90° 
5. 8-15D, first 18 derivatives with respect to r of Jo(z), Ji(z), r = 0(.1)10, NYMTP 5, 
@ = 0(5°)90° 
6. 8-15D, So(z), Si(z), = re, ry = 0(.1)10, NYMTP 7, 6 = 0(5°)90° 


— 


B;. ber x and bei x 


. 21D, Atpts 2, x = 0(.1)6 

. 15D, NYMTP 1, x = 0(1)10 

10D, NYMTP 3, x = 0(.01)10 

. 9D, A. G. WEBSTER, x = 0(.1)10, A’ 

9D, LopcE 2, x = 0(.2)6 

. 6D, BRAsEy, x = 0(.02)4.6 

5-6S, Dwicut 1, x = 1(1)10 

5D, PEDERSEN, x = 0(.2)6 

. 5S, Dwicat 4, 6, x = 0(.1)20 

. 4-58, JAHNKE & EMDE 12 (p. 296f, 308) — 15 (p. 246f, 258), x = 0(.01)6(.1)10, A up 
tox = 6 

11. 5D; 4D, ScHLErcHer, x = 0(.01)1(.02)2; 2.1(.1)6 

12. 4D, DinniK 11, x = 0(.2)8 

13. 4D, T6LKE, [Jo1, Jo2], x = 0(.01)21 

14, 4D or 4S, McLacuian 2, x = 0(.1)10 

15. 4D, Brisacre, x = 0(.2)6 

16. 4S, SavipcE 1, x = 1(1)30 

17. 4D; 5S+, MAcLEAN 12, x = 0(.5)5; 8, 10(5)20, 30 


18. 3D, W. E. Miter, x = 0(.5)6(2)10(5)20; also f ber x dx, J ” bei x dx, p = 3,8 


19. 5D, bei x/ber x, TAKAYA, x = .2(.2)8 
20. 2D, bei x/ber x, Prota 1, x = 0(.5)6(2)10(5)20 


SOmMNANP WN 


_ 


B:. ber’ x and bei’ x 


1. 9D, A. G. WEBSTER, x = 0(.1)10 
2. 5D, PEDERSEN, x = 0(.2)6 
3. 5S, Dwicut 4, 6, x = 0(.1)20 
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. 5D; 4D, ScHLEICHER, x = 0(.01)1(.02)2; 2.1(.1)6 

. 4D, TécKe, (2-4(Jir F Jiz)], x = 0(.01)21 

mostly 4D, MACLEAN 13, x = 0(.5)6(2)10(5)20, 30 

. 4D, McLacauan 2, x = 0(.1)10 

. 3D, W. E. Mirer, x = 0(.5)6(2)10(5)20 

. 3-S5D, bei’ x/ber’ x, SakuRABA & Kimura, x = .2(.2)6 


COnNnvAuns 


B;. ber, x, bei, x, ber,’ x, bei,’ x 


2-6S, ber, x, bei, x, # = 1(1)5, Dwicur 1, 2, 3, x = 1(1)10 

. 4D or 4S, ber, x, bei, x, # = 1(1)5, McLacHLAN 2, x = 1(1)10 

. 4S, ber: x, — beie x, TOLKE, x = 0(.01)21 

. 49S, In, m = 1(1)4 (i.e., — ber2x, — bei2 x, 2 kerz x, 2 kei: x), and their derivatives 
and integrals, Dusots, x = .6, 1.1, 1.6, --- 38.5, 42, 45.5, argument intervals irregular, 
for = 1, 2 up to 45.5. Since J, are functions practically tabulated by T6Lke, 
r = 2xt = .01(.01)21, x = .000025, ---110.25 is the range of these tabulated to 4D, 

5. 10D, ber; x, bei: x, NYMTP 1, x = 0(.01)10 

6. 5-6S, ber: x, bei; x, Dwicut 1, 2, 3, x = 1(1)10 

7 

8 


Pon 


. 4D, ber; x, bei; x, DinntK 11, x = 0(.2)8 
. 4D, ber; x, bei; x, MCLACHLAN 2, x = 1(1)10 
9. 4D, ber: x, bei: x, BisacrE, x = 0(.2)6 
10. 21D, — 2+ ber; x, 24 bei: x, ALp1s 2, x = .1(.1)6 
11. 6D, — 2+ ber; x, 2¢ bei: x, BRASEY, x = 0(.02)4.6 
12. 4D, — 24 ber; x, 2 bei: x, JAHNKE & Empe 1; (p. 138), x = 0(.1)6 
13. 4S, — 24 (bers x + beisx), [= 2-*(Ja:  Js2)], T6LKE, x = 0(.01)21 
14. 2-6S, ber’, x, bei’, x, m = 1(1)5, Dwicur 1, 2, 3, x = 1(1)10 
15. 4D or 4S, ber’, x, bei’, x, 2 = 1(1)5, McLACHLAN 2, x = 1(1)10 


B, ker x = — (x/2) heix, keix = (2/2) her x, ker’ x = — (x/2) hei’ x, 
kei’ x = — (x/2) her’ x 


. 7D; 8D; 9D, ker x, kei x, ker’ x, kei’ x, SAvIDGE 2, x = 0(.1)3.8; 3.9(.1)6.4; 6.5(.1)10 

. 4S, kerx[= Gol], keix[= Go], ker’ x[= 24(Giu — Gis)], kei’ x[= 2-(Gu + Gis)], 
TOLKE, x = 0(.01)21 

. 34S, ker x, kei x, ker’ x, kei’ x, MCLACHLAN 2, x = 0(.1)10 

. 4S, ker x, kei x, SAVIDGE 1, x = 1(1)30 

. 5D, kei x/ker x, TAKAYA, x = .2(.2)8 

. 3-5D, kei’ x/ker’ x, SAKURABA & KimuRA, x = .2(.2)6 

. 5D, — her x, hei x (Zs, Z4), SCHLEICHER, x = 0(.01)1(.02)2(.2)6 

. 4S, — her x, — hei x, BIsacrE, x = 0(.2)6 

. 3-48, — her x, — hei x, JAHNKE & Empe 1: (p. 302f) — 15 (p. 252f), x = 0(.01)6(.1)10 

. 5D, — her’ x, hei’ x, SCHLEICHER, x = 0(.01)1(.02)2(.2)6 

. 3-5S, — her’ x, hei’ x, JAHNKE & EmpDE 12 (p. 304f) — 15 (p. 254f), x = 0(.01)6(.1)10 


NY 


Ke ODOC ON A US Ww 


_— 


Bs. ker, x, kei, x, ker,’ x, kei,’ x, her, x, hei,’ (x), yer, X, yein x 


Since ker’ x = 2-4[kei; x + ker: x], kei’ x = 2-*[kei; x — ker; x] tables involving these 
functions when m = 1 are given in B,. 
. 6S, ker, x, kei, x, ker’, x, kei’, x, m = 1(1)5, Dwicur 3, x = 1(1)10 
. 4S, ker, x, kei, x, ker’, x, kei’, x, m = 1(1)5, MCLACHLAN 2, x = 1(1)10 
. 4S, kers x, keie x, — 2-#(kers x + kei; x) = [2-4(Ga: + Gaz)], TOLKE, p. 19f, x = 0(.01)21 
. 5-6S, her; x, hei; x, JAHNKE & Empe 1), p. 140, x = 0(.2)6 
. 4S, her; x, hei; x, BisacrE, x = 0(.2)6 
. 5D, yerrx = — bei: x — (2/x) keri x, yeinx = ber; x — (2/x) kei: x, KOHLER, 
x = 0(.2)6; graphs 
- 10D, Yi(xi#) = — (yer: x + 2 bei: x) + i(yei: x — 2 beri: x), NYMTP 6, x = 0(.01)10 
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AunrP wd 
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C. Michell and Airey functions 


« 9D, ma(x), mn’ (x), mn’ (x), ma!” (x), m = 1(1)4, HAwKIns, ToBEy & LEE, x = 0(.5)10(1)30 
- 8D, ma(x), mn'(x), ma’ (x), ma’ (x), mn = 1(1)4, B. A. Smite 3, x = 0(1)30, and .5, 1.5 
. 8D, Io’ (xt4) -Go' (xi?) = V(x) + iVu(x), AtrEy 34, 


x = 0(.02)10(.05)11(.1)12.5(.5)16(1)20 


D,. X, V, W, Z, X®, V™, W®, Z®, vo, yo 


. 6S, W, V, W, Z, X®, V®, W®, V©, V™, SavincE 3, x = 0(.2)10 
. 6D, X, xZ, BRAsEY, x = 0(.02)4.6 

. 2-6D, X, V, W, Z, PEDERSEN, x = 0(.2)6 

. 48, X, V, W, Z, X®, V®, V™, V™, SavipceE 1, x = 0(1)30 

. 4S, W™, Z™, SavipceE 1, x = 0(1)5 

. 2D, X4, Prova 1, x = 0(.5)6(2)10(5)20 


Ds. =, s,t25 » ete. 


. &5D, V/X, W/X, Z/X, Savivce 3, x = 0(.2)10, 

. 6D, W/X, Z/X, ButTreRwortu 1, x = 3(1)6 

. 4D, V/X, W/X, Z/X, Savivce 1, x = 0(1)30, « 

. 4D, Z/X, RUSSELL, x = 3(.2)7 

. 45D, 2Z/(xX), 2W/(xX), W. FiscHer, x = 0(.5)6(2 or 5)20 

. 5D, 2Z2/xX, 2W/xX, PIoLa 2, x = 0(.5)6(2)10, 15, ©; also graphs of the functions 


0<x<il 


. 34D, 44Z/V, 4xW/V, MacLean & ZENNECK, x = .5(.5)6(2)10(5)20; also 


2/242 = [0(.1).9; 2-3D] 


. 4Sand 3S, yi(x) = 2Z/(xX),G = xZ/(4X), 2 = 4W/(xV) — 8/22, F = xW/(2V) — 1, 


BUTTERWORTH 2, x = 0(.5)5; also ¥:/x* to 4D, and y¥2/x*, to 5D, x = 0(.5)1(1)3. Graphs 
of yi, ¥2, Fi, G,O< x <5 


. 6D, xZ/(2V), xW/(2V), ALGER, x = 0(.1)10, A* 
. 6D, Z/V, W/V, BuTTERWorRTH 1, x = 5(1)8 
. 5D, Z/V, W/V, 4xW/V, 4Z/xV, Rosa & GROVER, 


x = 0(.1)5(.2)10(.5)15(1)26(2)50(10)100, 0, A? 


. 5D, Z/V, W/V, SavincE 3, x = 0(.2)10, © 
. 4D, Z/V, W/V, SavinceE 1, x = 0(1)30, © 
. 4D, W/V, 3xW/V, Mactean, also W/V, Levasseur, and 4xW/V, FLEMING, 


x = 0(.5)6(2)10(5)20, 30 


. 3D, W/V, 4eW/V, W. E. MiLter, x = 0(.5)6(2)10(5)20 

. 4D, W/V, RussELL, x = .5(.5)2, 5.5, 6(2)10(5)20(10)50 

. 4S; 3D, ber’ x/V, bei’ x/V; Z/V, W/V, WetnrEIcu, x = 0(.5)6(2)10(5)20 
. 5S, W/Z, W/Z, SakuraBa & Kimura, x = .2(.2)4(1)10 

. 5D, Z©/W®, TaKaya, x = .2(.2)2.6,3.2(.2)4(1)10 

. 5D, Z/W, Takaya, x = .2(.2)4(1)10 

. 2-3D, xZ/V, xW/V, THomson, x? = .5(.5)3 

. 2D, — Z/W, (2/x)(V/X), Prova 1, x = 0(1)6(2)10, 20 


E. M,(x) = (ber,? x + bein? x)3, 6,(x) = tan- (bei, x/ber, x), 
N,(x) = (ker,? x + kei,? x)4, ¢,(x) = tan~ (kei, x/ker, x), n= 0,1 


. 65D; 0°.00001, Mo(x), Mi(x); @o(x), 0:(x) — 180°, ALGER, p. 295, x = 0(.1)10 
. 6D; 0°.00001, (X/V)# = $xMo/Mi; tan-(Z/W) =  — 6: + 135°, ALGER, p. 296f, 
x = 0(.1)10 








10. 


12. 
13. 
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14. 


. 5S; 0°.001, Mo(x), Mi(x); O0(x), 6:(x) — 45°, Dwicur 4, 6, x = 0(.1)20 
. 5S; 0°.001, Mo(x), Mi(x); O0(x), @1(x) — 180°, KENNELLY, Laws & Pierce, x = 0(.1)10. 


“Figs. 21-24 give curves corresponding to entries in the table whereby interpolation 
may be made by direct inspection for most engineering purposes.” 


. 5S; 1”, Mo(x), Mi(x); @0(x), 01(x) — 180°, Bisacre, x = 0(.2)6 
. 4-58; 02.01, Mo(x), Mi(x); Oo(x), 200° — 0,(x), JAHNKE & Empe 1: (p. 312) — 1 (p. 262), 


x = 0(.1)10 


. 4S; 0°.01, Mo(x); 00(x), log [x+Mo(x)], McLacHLan 2, 


x = 0(.05)2(.1)4(.5)6(1)12(2)20(5)45 


. 4S; 0°.01, Mi(x); 01(x), log [x+Mi(x)], McLAcHLan 2, 


x = 0(.05)2.7(.1)3.8,4.25,4(.5)8(1)12(2)20(5)50 


. 4D, 0.0001, In [(24x)4Mo(x)]; G0(x), SavipGE 1, x = 1(1)30 
10. 
11. 
12. 
13. 


5S; 0°.001, No(x), N(x); do(x), o1(x), McCLacHLAN & Mevers, x = 0(.1)10 

4S; 0°.0001, In[(2x/x)*No(x)]; do(x), SAVIDGE 1, x = 1(1)30 

4S; 1”, (2/2) No(x), Ni(x); bo(x) + 90°, o1(x) + 90°, Bisacre, x = 0(.2)6 

4-5S; 08.01, (2/x)Na(x); — on(x) — 100, m = 0, 1, JAHNKE & Empe 1: (p. 312)—15 
(p. 262) 

4-5S; 02.01, (X/V)§ = Mo/M,, $xMo/Mi, 2Mo/(xMi), (X™/V*)§ = No/Ni, 4xNo/Ni, 
2No/xNi; 6, — A — 2002, oi, do, JAHNKE & Empe 1:2 (p. 316f, figs. 165-166), 13; — ls 
(p. 266f, figs. 144-145). Graphs 


. 2D, Mo(x); tan @o{x), PioLa 1, x = 0(.5)6(2)10(5)20 


F. Miscellaneous 


. In'(x — ix)/In(x — ix), m = 1(1)3, Serrz 1, p. 753-754, x = 480 
. 5D; Jn(x — tx), Jn'(x — ix), m = 0, 1, 2, Settz 1, p. 758-9, x = .3302 
. 4D, |¢J1(z) /[zJo(z)]|, also real parts of this function, BucHHoxz 1, tables for |z| = .6(.1)2, 


and graphs 


. 3D, ScHIRMANN, table of complex nos. a1, a2, 1 for X = 500(50)650, 2p-10® cm = (i) 


20.7, (ii) 16.8, where ay = [(20 + 1)/2a*][I,’(a)I.(8)B — Iv'(8)Ie(a)al/[Ke'(— «)I(8)8 
— I,'(8)K(— a)a] and p, = [— (20 + 1)/2a4][To(a)Iy'(8)B — Te(8)Ie'(a)al/ 

[Ko(— a)I»’(8)8 — In(8)Ke'(— aa), Io(x) = (44x)*So44(x), Ko(— x) = (44x)*H24(x). 
a = 2xmop/d, 8B = 2xmp/d, and when A = 500, m = 1.10 — 2.027; \ = 550, 

m = .57 — 2.451; B = 600, m = .38 — 2.961; X = 650, m = .41 — 3.547; mo = 1 


G. Zeros 


. 5D, ber x, bei x, ber’ x, bei’ x, ker x, kei x, ker’ x, kei’ x, Arey 29, first ten zeros 
. 3D, XZ — X(xV — Z) + 2xZ?, Strutt 2, a zero, x = 2.514 
. 4D, Hy®’(z) or Ho®(z) — 271Hi®(s), JAHNKE & Empe 1; (p. 142), 1s — 15 (p. 242), 


a zero, s = re = 0.5012 + 10.6435, r = 0.8156, @ = 578.87 = 52°.085 = 0°.9091 


. Chart for zeros of H,(z), Hx®(z), 2 =x + ity, |x| <4, —3<y< +4, Empe & 


RULE, and JAHNKE & EmDE 1: (fig. 150), 1s — 1s (fig. 129) 


. Charts for complex zeros of J_,(x + iy), JAHNKE & EmpE 1; — 1; (figs. 122-125) 


H. Graphs and reliefs 


. Jo(z) = Jo(pe**) = U(p, ¢) + iV(p, ¢), NYMTP 1, contour lines U(p, ¢) = constant, 


V(e, ¢) = constant 


. Jo(z) = Re®, NYMTP 1, contour lines @ = 0(p, ¢) = constant, R = R(p, ¢) = constant 
. Ji(z) = u(p, &) + iv(p, ¢), NYMTP 1, contour lines u(p, ¢) = constant, 


v(p, ¢) = constant 


. Ji(z) = Se’, NYMTP 1, contour lines ¢ = o(p, ¢) = constant, S = S(p, ¢) = constant 





@ 
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34, 


- Jo(s) = Jo(x + ty), JAHNKE & Empe 13 (p. 193) — 15 (p. 127), altitude chart, x = 0(.5)7; 


y = — 2(.5) +2 


. Jolxit), J:(xit), JAHNKE & EmpeE 12 (p. 294-295) — 1s (p. 244-245), 11 (p. 136-137), 


0<x<10 


. VYolx(+ 2)4], Yilx(+ 2)4], ScHLetcHer, p. 127,0 <x <6 

. — Jo(z)/[zJi(z)], ZENNECK, 4 figures 

. — R{Jo(z)/[zJi(z)]}, where z = x(27)!, Kapen & KAUFMANN, x = .1(.1)1(1)10(10)100 
. ber x, bei x, ber’ x, bei’ x, ber: x, bei2 x, bers x + beisx, TOLKE, p. 7,0 <x < 12 

. ber x, bei x, ber’ x, bei’ x, SCHLEICHER, p. 123,0 <x <6 

. ber x, beix, McLACHLAN 2, p. 120,0 =x =7 

. ker x, kei x, ker’ x, kei’ x, ker2 x, keig x, kers x + keisx, TOLKE, p. 12,0 <x <8 

. — ber2x, — beisx, 2 kergx, 2 keisx and their derivatives and integrals, Dusots, 


0 <x < 35; see XIB;4 


. her x, hei x, her’ x, hei’ x, SCHLEICHER, p. 130,0 < x <6 

. W/X, Z/X, Wricut, 0 < x < 12 

. 2Z/xX, Burcw & Davis, 0 < x < 10 

. x2/X, Z/xX, Strutt 1,0 <x < 10 

. 4xW/V, 4xZ/V, ScHELKUNOFF, p. 265, 0 < x < 12 

. (a) 4eW/V, 2Z/(xV); (b) ber x/X, W. E. Mriter, (a), 0 < x < 20; (b) 0 < x < 16 

. H}(2), altitude chart, JAHNKE & EmpeE 12 (fig. 97) — 15 (fig. 72), 2 = x + iy, |x|S5, 


ly|=3 


. Hi), relief, JANKE & Empe 1: (fig. 98) — 15 (fig. 73) 
. H(z), relief, branch line along the imaginary axis, zs = x + iy = re 


10 
, 


— 90° < 6 < 270°, JAHNKE & EmpE 1: (fig. 99) — 1; (fig. 74), |x| =3, |y|/=2 


. Ho™(z), Ho (z), altitude chart, JAHNKE & EMDE 1: (fig. 100) — 15 (fig. 75), 


x= — 4(.5) + 2,9 = — 1.5(.5) + 1.5 


. Ho™(z), relief, JAHNKE & EmpE 12 (fig. 101) — 15 (fig. 76), x = — 5(.25) + 2.5, 


y = — 2(.05) + 1.4 


. Ha (xi), n = 0,1, JAHNKE & EmpeE 12 (figs, 155-158) —1; (figs. 134-137), 0 <x < 10 
. AH, (rit) = hi, n = 0,1, JAHNKE & EmMDE 1:2 (figs. 159-160)—1, (figs. 138-139), h 


and 7 against r,0 <r < 10 


. Ho (ri#)/Hi™ (ri#), JAHNKE & EMDE 12 (fig. 166) — 1; (fig. 145),0 <r < 10 
. H, (rit) = hi", the arrows going out perpendicularly from the r-axis, JAHNKE & EMDE 


12 (figs. 167-168) — 1; (figs. 146-147); compare XIE 12 


. Magnitude and phase of Ho (x7#), and 74H (xi#), RUDENBURG, x = 0(.5)6 

. Vector diagrams of Ho (xi#) and 74H, (xi#), RODENBURG 

. (x/10)Ho™ (xi#), RUDENBURG, 1230 x = 5,10,20,50,100,200, 1000,2000,5000 

. Jn(rit) = bi®, nm = 0,1, JAHNKE & EmpeE 12 (figs. 161-164) — 15 (figs. 140-143); 


see XIE 5 
Jo(rit) /Ji(ri3), JAHNKE & EMDE 12 (fig. 165) — 15 (fig. 144) 


See also XI: B; 4; B; 6; Dz 6, 8; E 4, 14; F 3;G4, 5 


XII. SERIES OF BESSEL FUNCTIONS; LOMMEL 
Functions U,(y, 2), Valy, 2) 


In his papers of 1886 LoMMEL 2, 3 introduced the functions 


Unly, 8) = E (- 1)*(y/2)"¥**Jn420(2) 


o 


Vay, 2) = ) x (— 1)*(y/ oe —n—2a(2) 


s=0 
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and showed among other things that they had the representations 


U,(y, 2) = y*s!* f (zu)"Jn1(2zu) cos [Zy(1 — u*)]du 
Usialy, 8) = yrai-t f " (eu)"Ju_s(su) sin [hy(1 — u°)]du 
— Veraly, 8) = ye f ” (e1)!-"J_a(21) cos [Iy(1 — 2?)]du 


Vay, 2) = y'*2*-1 f ‘ (zu)! J_,(2u) sin [}y(u? — 1)]du. 


The functions are not really independent, for LoMMEL 3, p. 559, obtained 
the relation 


Vo_n(y, 2) = Un(y, 2) — cos (by + 2°/2y — 3nz) 


which may be used to define V,, for any value of m. For large and almost 
equal values of y and z MAYALL has indicated a suitable method of compu- 
tation. When z = 0 there is a simplification, and LoMMEL 3, p. 582, gives 
the relations 


Ualy, 0) = [2/F(m)](4y)" f " w" cos [y(t — 0°) ]du 


Unia(y, 0) = [2/T(n)]@y)" f "wt sin fhy(1 — ))du. 


The integrals on the right depend on the Fresnel functions when = }. 
For the functions V,(y, 0) the analogous relations obtained by LoMMEL 3, 
p. 583, are 


Vial, 0) = (— 1) 29h. y [a sin [yu — 1) 


Vingnti(y, 0) - (— 1)"112*y!-" "hin, 0 ae [3y(u? -s 1)]du 


where 
Rm, n(— n)! - (2n)™/? ” lim, n( — n)! 


LomMEL 3, p. 591, followed GILBERT (1863) in expressing the Fresnel 
integrals (compare Section X) in the form 


C(2z/x)* = ah J_,(dt = 2-*[cos 2U;(2z, 0) + sin 2U3/2(2z, 0)] 
= 4 + 2-iYsin 2V4(2z, 0) + cos 2Vs/2(2z, 0)] 


S(2z/x)* = rf" J,()dt = 2-4{sin 2U;(2z, 0) — cos 2U3;2(2z, 0)] 
= 3 - 2-4[cos 2V;,(2z, 0) — sin 2V3/2(2z, 0)] 
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where, for example, 
V;(2z, 0) = (i/m) f e~“tu-tdu/(1 + u?), 
0 


V3/2(2z, 0) = — am) f e~“*utdu/(1 + u?). 
0 
These are merely particular cases of the more general integral 


Vinn(22, 0) = (— 1)™(1/z) sin (nx) ft e~ymtr—ldy/(1 + u?) 


which readily gives the special values 


V,(0, 0) = cos (47), Vn+1(0, 0) = — sin ($7); 
also 
U,(y, 0) = Ve_n(y, 0) + cos (4y — 4nz). 


LOMMEL 3, p. 592, gives the series 











2z)2 22)4 
TEMG = (afer? [: = ms i ae ™ | 
22 (2z)8 (2z)§ 
loan 9 < (4s/)| 735.7 ' 13.5.7.941 ~ | 


which are well known in the theory of Fresnel’s integrals. The asymptotic 
series of CAucHy ' (1827) are written in the form 





1 13 1.3.5.7 
1 1.3.5 . 1.3.5.7.9 
V3/2(2z, 0) = — (4s/=)| at as 7 |. 


LOMMEL 3, p. 594, uses the notation of GILBERT 
M(x’) aos 2-4V (4x, 0), N(x’) =-—2- V3/2(3x?, 0) 


who made a table for values of x?. StruvE 1, 2, on the other hand, used 
the following notation: 


N(v) = 42'V,(20?, 0), M(v) = — $2*V5,/2(2v?, 0). 
1A. Caucuy, Oeuvres, s. 1, v. 1, Paris, 1887, p. 277-278. 


A:. Lommel functions of a single variable 


1. 5D, M(m*) = 2-4V4(m*x, 0), N(m*) = — 2-4V/2(mx, 0), GILBERT 
m* = 0(.01).38(.02)2(.1)9(1)19,20.6,21.7,22(1)30 

2. 4D, M(m*) = 2-4V4(m'x, 0), N(m?) = — 2-4V5/2(m*x, 0), MILLER & GoRDON, 
m = 0(.05)1.5(.1)8.5(.5)13 

3. 5D, M(v) = — $2*V5/2(20’, 0), N(v) = $24 V,(20, 0), SrRUVE 1, v = 0(.1)6 


4, 6D, («/2x)4V4(y, 0), (w/2x)*Vara(y, 0), Mi? = (4 /2x)[Vi(y, 0) + Vij2(y, 0)], Lome 3, 
T. XVI, p. 658, y = 0(1)60 








12. 
13. 


(fig. 


4D, 


Ai 
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5. 6D, 4V4(x, 0), 4Vare(x, 0), Me? = 3[Vi2(x, 0) + Vij2(x, 0)], = (Liverpool Index) 

4 — C(x/2n)*? + 4[§ — S(x/2x)3?, Lommet 3, T. XXII, p. 663, x = 0(1)60(2)100 
6. 4D, 4V3(x, 0), 4Var2(x, 0), 422, Ienatowsxy, (x/r)# = 0(.1)8.5 
7. 4D, 4Vi(x, 0), 4Vsv2(x, 0), 22, FRESNEL, (x/x)# = 0(.1)5.5 


11. 


12. 
. 4D, 3{1 — C(m — g)t — C(m + g)*P + 4[1 — S(m — g)t — S(m + q)'f, IGnatowsky, 


cot 


. 4D, (a) 2{[1 + Clu) + S(u)P + [C(u) — S(u)P} = 4 + Vir(2z, 0) + Vi,2(2s, 0) 


+ 2 sin (2 — 42) V4(22, 0) + 4cos (2 — 44) Vay2(22, 0), wu = (22/x)4; and 
(b) 4{[1 — Cu) — S(u)P + [C(u) — S(u)P} = Vij_(22, 0) + Vi/_(22, 0), Mavat (a) 
u = .01(.01).1(.05)1; (b) « = .05(.05)1 


- 6D, a = §cos ($x + in) — §Usi2(x, 0), b = 4 sin ($x + tx) + 40, (x, 0), 


M? = a? + b? = (Liverpool Index) 4[4 + C(x/2x)!}? +- 4[§ + S(x/2x)!?, Lommet 3, 
T. XXI, p. 661f, x = 0(1)60(2)100; also, to 6D, 16 maxima and minima of M? 


. 6D, (x/2y)*Uy(y, 0), (x/2y)*U say, 0), M — (x/2y)[U#? + Uiiel, LOMMEL 3, Be V, p. 


652, y = 0(1)60; T. Va, 9 max. and min. of M? 
5S, Mo = (xx/2)*U;(x, 0), xMo, Mo’, x*Mo’, x*M>’, Lams 5, x = 0(1)60. Also graphs 
1 1 

of M)(f#), 0 <t <8 (fig. 1); - Mo (-) »0<<x <.5 (fig. 2A); tM'(#),0<t <8 
1 1 

(fig. 3); a M,’ (-) ,0<<x <.5 (fig. 4A) 

5D; 6D; 5D, No = (x/2x)*Us2(x, 0); No/x; No/x?, TeRAzAWA, x = 0(1)60 

m = .5,q = 0(.3)1.8, 2(.1)8; m = 1.5, g = 0(.1)7; m = 3, g = 0(.1)5.5; m = g= 0(.1)4.2 


A,. Lommel functions of two variables 


. 7D, (2/y¥) Un = (2/y) Un(y, 2), LOMMEL 2, p. 269, m = 1(1)6 
. 6D, (2/y)Ui, (2/y)U2, M? = (2/y)*[U2 + U?], Lommet 2, T. III-XII, p. 317f, 


z = 0(1)12, and plates of figures: 

(a) T. III, y = z, 3 minima, 3 maxima, and fig. 2, 100 M* 
(b) T. IV, y = 2x, 3 min., 3 max., and fig. 3, 100 M? 

(c) T. V, y = 3x, 3 min., 3 max., and fig. 4, 100 M? 

(d) T. VI, y = 4x, 2 min., 3 max., and fig. 5, 100 M? 

(e) T. VII, y = 5x, 3 min., 3 max., and fig. 6, 100 M? 

(f) T. VIII, y = 6x, 2 min., 2 max., and fig. 7, 100 M? 
(g) T. 1X, y = 7x, 3 min., 2 max., and fig. 8, 1000 M7? 

(h) T. X, y = 82, 2 min., 2 max., and fig. 9, 1000 M? 

(i) T. XI, y = 92, 3 min., 2 max., and fig. 10, 1000 M? 
(j) T. XII, y = 10x, 2 min., 2 max., and fig. 11, 1000 M7? 
These minima and maxima correspond to zeros of U2(x) [first 3, y = 0 of J:(x)], see no. 3 


. 6D, z and tan (dy/dz) to 1”, 3 zeros of U2(x) [the first 3, y = 0, of J2(x)], Lommet 2, 


T. XIII, p. 322, and fig. 12, y = O(x)10x, 12(1)14, 20.5, 26.2 


. 6D, (2/2) Ui(z, 2), (2/2) Us(z, 2), M?, Lome 2, T. XV, p. 323, 2 = 0(.5)12 and fig. 13, 


y = 2, 100 M? 


. 6D, — (2/y) Vily, 2), (2/y) Voly, 2), Mi? = (2/y)2(Vo? + Vi*), Lommet 2, z = 0(1)12, 


T. XVI-XXIII, p. 323-327 and plates of figures: 

(a) T. XVI, y = x, 6 min., 5 max., and fig. 14, 10 M,? 

(b) T. XVII, y = 2x, 4 min., 4 max., and fig. 15, 100 M;? 

(c) T. XVIII, y = 3a, 4 min., 3 max., and fig. 16, 100 M;? 

(d) T. XIX, y = 4x, 4 min., 3 max., and fig. 17, 100 M;? 

(e) T. XX, y = 5x, 4 min., 3 max., and fig. 18, 1000 Mi? 

(f) T. XXI, y = 6x, 4 min., 3 max., and fig. 19, 1000 M,? 

(g) T. XXII, y = 7x, 4 min., 3 max. 

(h) T. XXIII, y = 82, 4 min., 3 max. 

These maxima and minima correspond to zeros of Ji(y) and Vo(y, 2); see no. 6 


. 6D, z, and tan-!(dy/dz) to 1”, zeros of Vo(y, z), Lommet 2, T. XXIV, p. 327, y = x(x) 8x 


and fig. 20 (J; = 0, Vo = 0) 
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7. 6D, (2/2) Vilz, 2), (2/2) Volz, 2), Mi*, Lommet 2, T. XXV, p. 328, s = 0(.5)12, and fig. 5. : 
21, 100 M;? ” 
8. 6D, (x/2y)#U;4(y, 2), (x/2y)'U sly, 2), M?, Lommet 3, T. VI-XV, p. 653f, y = 3(3)30, d 
z = 0(1)12; max. and min. for z = x(x)4x. Figs. 2-11, 100 M? 
9. 6D, (x/2y)4V;(y, 2), (4 /2y)4Vsi2(y, 2), M2, Lommet 3, T. XVII-XX, p. 659f, y = 3(3)12, ‘ 
= 0(1)12; and max. and min. for z = x(x)4-. Figs. 13-15, y = 3(3)12, 10 M? ‘ 
B. Series , oF 
1. 5-6D, 4x[Jo(x) — 4nJi(x)/x + (m — 4)3nJ2(x)/32x* —---], JAHNKE, values for n = | ( 
3, 5, x = 10/x 3. 9 
2. 5D, C(@) = J {2/x.Ji(x.)]}e="*, log C(0), 0 = kt/r*, OLson & ScHULTz, ' ( 
el 
6 = .001(.001).4, x. zeros of Jo(x) 7 
3. 5D, 2 7% [Jo(rixs)/Jo(jxs)le“1.«', NEwMAN & CuuRcH, r = 0, 1, ; 
1 
# = 0(.005).01(.01).1(.02).2(.05).5, 1 . 
« bal 
4. 4D, 2 Jo(rx.)e~*+/[x."Ji(x.)], BERTRAM, r = 0(.1).9; m = 1, 2 = 0(.05)1.75; n = 2, 
a~1 
2 = 0(.05)1.5; 2 = 3, s = 0(.05)1; m = 4, z = 0(.05)1 | ‘ 
hed 4 10. ; 
5. 4D, 2 Jo(mx), 2 Yo(mx), WESSEL, x = .3(.3)13.5; also graphs of the functions 
m=1 m=1 
6. 4S, F = (24/x*)[Ho?-Hi? + 2Hy?*-He*x-* {x2 — 3(1 — m)}? 
+ 2 {(m + 1)/(HPHhx*4) } [x* — n/(n + 2)}*] where 
n=2 
Hi = (9/2x*1)[n*{ Thy (x) + J2,4(x)} + 2m { Sn4(%) Ten—aia(%) — Tinga (x)Jnssra(x)} 11. | 
+ {Th gsja(x) + J2n-2)2(x)}], 2 + 1, Hi? = (4 /2x*)[(1 — m)*{ J )q(x) + J25/2(x)} | 
+ 2x(1 — m) {T—a2(x)J—si2(x) — Sara(x)Sora(x)} + x*{ Tejn(x) + J25;0(x)}], See 


Fox, Table of F for x = 1(1)11, 15, 20, x, m = 0(.1).2,.5,1; in another table Y = 2F/xx* 
is given for the same ranges of x and m. The 5 Y’s are plotted for 2 < x < 15 


7. 3D, r®? — 1 — 8 E [Jolrxs)/{xe*Ii (xs) Jet, SzyMANSKI, r = 0(.1)1, 
aml 
# = .05(.05).2(.1).5(.25)1 
8. 3D, (4xn)-§ Z (2n + 1)i"P,(cos 6)/N, BALLANTINE, 
n=0 


N = (— 1)"[(" + 1)J-n-a(%) + xJi-n(x)] — f(t + 1)Tnsa(x) — xJn-y(x)], 
x% = .1(.1).3(.2).7,.85,1(1)4,6,10; @ = 0 esti 


9. SAS, Z (2m + 1)jon(x)/[4n(m + 1)], 2 (2m + 1)7,,(x), WANNIER, x = 0(5)10(10)80 
n=1 n=l 


C. Graphs of : 
l.g2= 2 x*J,2(cy)/(x* + n*), Erpétyt, 0 < y < 3, x = 0(.4)2 pat 
sae’ Eu 


2. Aan(x) = (— 1)"(4n + 1)[x7? — (43)4(1/2")] E Cust Yns(4), BACKHAUS 2, 


1 
Can = (— 1)*-™(2m + 2n — 1)!!/[m!(n — m)!], fig. 3, mn = 0(1)6, 0 <x < 15; fig. 4, f( 
graph of As,(x) against 0 < nm < 19, x = 5, 8, 11, 14, 17 


3. 1 — Z (2/xn)[Jo(rxn)/Ji(xn)le="*, W. Murer, p. 189, O<r <1, ¢ = .01,.025, 
n=l 


M.,1,,2,.3,.5 wh 
4.21—#2)+ 2 (- _ <)(2 Jolin) 4,0 W. Mi ter, p. 201, |x| < 1, value of the 
n=1 u x, Xn Ji(%n) 


U/u not specified, ¢ = 0,.005,.0125,.025,.05,.1,.25,.5, © nu 








o(x) } 


ext 


0)80 
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5. z (2b /xn){1/(en* + B\MTo(r2en) /Ts(cen) lee 
+ 2sin (1) z [xn/ (ea +B) To(rx%n) /Ta(en)] 


— 2 cos (bt) z 2 [1/(%n* + xnb*)|[Jo(rxn)/Ji(xn)], W. Mixrer, p. 203, r = .2(.2).8, 
0 < bt < 5x/2 

6. rt — (r/8)(1 — 1%) — z (2/7 MIs(ris,n)/Jo(jr.n)le tien’, W. MOLLER, p. 195,0 <7 <1, 
0<t<14 

+E (2/j1,n)[Jo(ri.n)/Jo(jun)leti.nt, W. MOLLER, p. 194 (fig. 3), 7 = .2(.2).8(.1)1; 
0<t<.25 

;2 2 
bend efi,nt —-¢er t 


8. 1 — c= + 2a? E _— , W. Mituer, p. 194 (fig. 4), a* = 10,20,50,100, « ; 


n=l = Jivn 


0<i<.14 
© 2 
9. r(1 — e"4) +2 EF Mined innTol jus) ere Ha, W. Mixier, p. 194 
om Jin 
(fig. 2), a = 10, r = .2(.2).8(.1)1; ¢ = 0(.05).25 


10. 2 cos (bt) 2 Linn/ Gin +O) (ri1,0)/ToCis,2)] 


— 2sin (bt) z [Fin/ Gin + OMS (¢1,n)/To(r,»)] — 2b E Uaa/ Uh + B)} 
X [Jilrixn)/Joljrn))e tient, W. MOLLER, p. 196, r = 0(.1)1, 0 < bt < 3x 

11. 4x 0s (kat) Ki(kex)/(kxKo(kxx)], OLLENDORFF & SEELIGER, x = .01, .1, 1, ~; 
0<it<1 

See also I B; 9, 16, 17; Bg 6, 7; XIT A; 11; Ay 2-9; B5 


XIII. PoLyNoMIAL APPROXIMATIONS AND 
ASYMPTOTIC EXPANSIONS 


A. Introduction 
When ABRAHAM DE Morvre and JAMES STIRLING obtained their famous 
estimate of m! for large values of , the rough estimate 
(2an)in"e- 


was improved by a factor which was obtained most conveniently by means 
of an expression for the logarithm of m! in which the additional terms formed 
part of a divergent infinite series in 1/m. This result was generalized by 
EULER into the sum formula 


f(1) + f(2) +--+ + fe —1) 
= f sear — 44m) + By’ )/2! — Bf") /A + + 


which had already been found by MAcLAurin, the coefficients B,, being 
the well-known numbers of JACQUES BERNOULLI. 

When f(x) = log x and when f(x) = x-?, the series involving these 
numbers is a power series in 1/x and, according to the description of Euler’s 
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work given by BroMwicH,' the rule for the truncation of the series is to 
stop at a stage when the error is less than the next term of the series. Such 
a series was called a semiconvergent series. The term asymptotic expansion 
was applied to such a series when HENRI PoINcARE? gave the following 
rule: The polynomial 


P(x, m) = do + ayx + aan? + --- + anx™ 


may be used to estimate F(x) for large values of x when the difference 
F(x) — P(x, m) has a modulus less that K,,/|x|"+", where K,, depends on 
m but not on x. This rule gives the limit 


lim|x™{ F(x) — P(x, m)}| = 0 


and as the infinite series P(x, ©) may be divergent, use may be made of 
the notation 
F(x) = do + ayx7! + aox? + ---, 


B. Asymptotic series for J,(x) and Y,,(x) 


When 1 is fixed and «x is a large positive number much exceeding , the 
semiconvergent series of Jacobi * gave a generalization to all integral values 
of 2 of Poisson’s estimates ‘ of J,(x) for » = 0, 1 and of Cauchy’s estimate ° 
for J2(x). If X, = x — 3(m + 4)x, 2ixz = 1 the series in question is 


J,(x) = (42x)—*[u,(x) cos X_, — 0,(x) sin X,], 
where 
Un(x) + ivn(x) = rn(x) exp [tan(x)] = 2Fo(3 + n, § — n; 2) 


and use is made of the notation of BARNES ® for the generalized hyper- 
geometric function 





pF (a1, 2, *** Ap; C1, C2, °° * Cg} 2) on yo oes — aa 
_ Ta +n) 
wee 


When + 3 is an integer the series terminates and 2Fo(p, 1 — p;2) is the 
polynomial used by Ivory’ in his work on refraction. The existence of this 
polynomial was known from the cases in which the solution of Riccati’s 
equation can be expressed in finite terms. When 7 is an integer the series 
is infinite and much work has been done to find estimates of error when 
the series is truncated. The researches of STIELTJES and CALLANDREAU are 
summarized by WATSON ® and elucidated. It is found among other things 
that after a certain stage the remainder is less in absolute value than the 
term at which the series is stopped and has a sign opposite to this term. 
This is true for both u,(x) and »v,(x). The rank of the smallest term in each 
series is of order x. Further work on the remainders has been done by 
KosHLiAKov *® and StroGonorF."® ArrEY " has found convergence factors 
of type f = 3 + to be associated with the smallest term of a semicon- 
vergent series by using a special rearrangement of the terms of a repeated 
series and the accuracy of the estimate given by a truncated series is thus 
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improved. He has also shown that the semiconvergent series for Jo(x), 

J;(x) can be used for accurate calculations up to 12D when x =8. 
GreEGorRY and LopGE have studied the functions r,(x), a,(x), the work 

being continued by LopGE ” after Gregory’s death. It was shown that 


[rn(x)P - 3Fo(3, 3 + n, 3 ~~ x). 


This formal identity which was given also by NIELSEN * is useful for the 
computation of r,(x) and is a particular case of the more general formula 


2Fo(a, b; x)2Fo(a, b; — x) = 4Fi(a, b, 3a + 9b, 30 + 9b + 33.0 + 5; 4x’). 
A semiconvergent expansion 


an(x) ~ ku + k(k — 3)u*/6 + k(k? — 14k + 15)u5/10 
+ k(5k* — 190k? + 807k — 630)u*/56 + --- 


in which u = 1/x, 8k = 4n® — 1, was also found to be useful for computation 
and it was shown that 


sec [An41(x) — On(x)] = ra(x)rnss(x), 
a result equivalent to the identity 
Un(X)Un41(x) + 0n(X)Pn41(x) = 1. 


This was first found by induction and then proved directly by M. J. M. HILv. 
The tables of LopGE are listed in IV D 4, 5. They refer to both integral 
and half-integral values of 1. 
The BAASMTC later tabulated the functions Ao, A1, Bo, B; which are 
defined by means of the equations 


Jo(x) + iVo(x) = [Bo(x) — tAo(x)]e*, 
Ji(x) a 4Yi(x) = [A1(x) a 1B ,(x)]e*, 


where the notation Y,(x) is used for the Bessel function of the second kind 
whose asymptotic form is 


Y,(x) = (424x)—*[u,(x) sin X, + v,(x) cos X,]. 
These tables are described in II As. 


C. Asymptotic series for I,,(x) and K,,(x) 


The asymptotic expansions were soon extended to Bessel functions of 
purely imaginary argument and when x is positive the functions J,(x) and 
K,,(x) may, for large values of x much exceeding n, be computed from the 
expansions 

I(x) = (2xx)*[e*wa(x) + e*wa(— x)], 
K,(x) = (2x/m)—4e*w,(— x), 
where 


Wa(ty) = Un(y) + tvn(y) = 2Fo(} + , 3 — m; 1/[2ty)), 
and so 


Wa(x) = 2Fo(} + nm, 3 — n; 3x7). 
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The effect of truncating these series was studied by Stieltjes and convergence 
factors of type f = 4 + c for the smallest term have been found by Burnett 
after Airey had given the factors for -the series wo(x) and w;(x). The results 
are as follows: 

If m—1<x<m-+1 where m is an integer and x = m +}, then, 
according to BURNETT ™ 


f=4+ (1 + 26)/8x + (2n* — 16 + 4¢ + 8f)/(8x)? + ---. 


KING * gives the estimate 





f e"*Ko(u)du + C =~ (2xx)t# | 1+ 1/(8x) — 17.3 12.37.5 | 
0 


21(8x)? * 31(8x)? 


and remarks that the constant C is probably unity, judging from some 
numerical calculations. It may be noticed, however, that 


f x [we-“Io(u) — e*Ko(u)]du = 1, 
0 


and so the value 1 of the constant may be inferred from the asymptotic 
form of 


f e~“Io(u)du. 
0 


The constant in the asymptotic expansion for f e“Io(u)du may be 
0 
found as follows: 


C) : 1 — en 
f e[Io(u) — I,(u)]du = lim —- * (n > — 1) 
and so 
f e“[I,(u) + I_y(u) — 2Io(u)|du = 0. 
But 


f e—“[I,(u) + I_,(u)]du = iy (2x/u)*du = 2(2xx)* 


and contains no constant term, consequently there is no constant term in 
the asymptotic expansion of 


f ; el o(u)du. 


=z 
The constant term in the asymptotic expansion of f e“I,,(u)du seems to 
0 


be — when 2 > — 1. 


D. Approximations by means of series of various types 


The subject of asymptotic expansions is part of the more extensive 
subject of the approximation to functions by means of series of special 
functions. Polynomials in x or (1/x) are the simplest special functions which 
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can be used to represent the terms or partial sums of such series but ra- 
tional functions occur, for instance, when a continued fraction provides 
the successive convergents, and other special functions have advantages in 
certain cases. 

In the case of polynomials there is the theorem of WEIERSTRASS ** that 
any continuous function can be uniformly approximated in a given real 
interval (or region of the complex plane) by means of a polynomial. The 
coefficients of this polynomial are generally different for different degrees 
of the polynomial and are different also from the coefficients of the different 
powers of the variable in the Maclaurin expansion. Series of Legendre 
polynomials may with a few terms give a much better approximation to a 
function in the interval — 1 < x < 1 than the Taylor series in ascending 
powers of x and similarly for other series of orthogonal functions. 

In the complex domain the region in which a series gives a good approxi- 
mation to a function is generally limited and sometimes hard to specify. 
The importance of this in the case of asymptotic series was recognized by 
STOKEs !” who pointed out that as the argument of z varies in an asymptotic 
series representing a solution of a differential equation the constant multi- 
pliers in the representation of this solution by means of standard solutions 
associated with z = 0 may not always be the same. This is generally called 
the phenomenon of Stokes and on this account it is usual to specify the 
range of argument for which the asymptotic expansion of a given function 
is valid for the complex plane. 

In Hankel’s work '* combinations of Bessel functions are formed so that 
in each case the problem of forming an estimate for large values of the 
variable reduces to that of approximating a single function of z by means 
of a polynomial in 1/z. When 1 is an integer the Hankel functions are defined 
by means of the equations 


HH, (2) ad J, (2) + 1Y,(2), H,,® (2) = J, (2) bend tY,(2). 
For positive values of x 
HH, (x) = (3xx)te*n[u,(x) + tva(x)]. 


As Bessel functions of half integral order occurred in acoustics and as the 
work of Stokes on the integral of Airy indicated that this function was re- 
lated to the Bessel functions of orders + 1/3, the definitions of Hankel’s 
functions were extended to non-integral and even complex values of m by 
means of the equations 


H,(z) = i csc (nx)[e-**J,(z) — J_»(z)], 
H,(s) = — icsc (mx)[e*J,(z) — J_,(2)], 


and asymptotic expansions were developed which are particularly useful 
for the selection of functions representing diverging waves. These expansions 
were given also for complex values of the variable and were found to be 
useful in problems of electromagnetic theory when waves are propagated 
in an absorbing medium. It is then necessary to specify the limitations to 
which the argument of z is subjected in order that a particular type of 
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asymptotic representation may hold. If 6 denotes any positive acute 
angle and 


—we+2Sarge=2r—25, Riw+3)>0, 
%— (3 — 0)m(F + 2) m 


H,(2) = (2/12) hette-tiet De | a m!(2iz)™ 





| + O(z). 


Lanczos '* has recently extended to the complex domain some of the 
ideas relating to approximations by means of polynomials or series of or- 
thogonal functions. In particular, the usual asymptotic expansions are often 
replaced by expansions of similar form but with modified coefficients which 
decrease the error in the approximation. When the function satisfies a linear 
differential equation with rational coefficients, the factors of the terms of 
the modified series can be found by means of recurrence relations which, 
however, make them depend on the degree of the approximating polynomial. 
This is true in any type of approximation by polynomials which differs from 
the expansion in a Taylor series. The methods of Lanczos have been used 
with some success by the computers of the Mathematical Tables Project 
of New York. Approximations by series of various types are obtained when 
use is made of methods of successive approximations for differential or 
integral equations. The case in which the equation contains a parameter 
was treated by LIOUVILLE™ in 1837 and his lead has been followed by 
KNESER,” Horn,” BiRKHOFF,” HoBson * and others. Convergent series 
of approximation have been obtained by HoHEISEL ** and by IKEDA.?* The 
latter deals with Bessel’s equation by means of a transformation and an 
integral equation. In the method of Horn the aim is to solve y’”’ + F}Qy = 0 
by means of a series 


y= e*“[ A, + Axk + Ask + -+-], 


and it is found first of all that w = f Qo-tdx, where Qo is the first term in 


the expansion 
Q = Qo + Qik + Qok* + ---, |k| > R. 


This method has been much used by JEFFREYS ”’ and others and is known 
in quantum theory as the B-K-W-method after BRILLouIn,?® KRAMErs ”° 
and WENTZEL.” Jeffreys and GOLDSTEIN *! have made special studies of the 
case in which Q) becomes zero at some point which has to be considered in 
forming w and have elucidated the different cases by examples from the 
theory of Mathieu functions and Bessel functions. When m and z are both 
large a comparison between the differential equation satisfied by J,(z) after 
a suitable transformation and the differential equation for the Airy functions 
Ai(x), Bi(x) proves useful. Results may then be expressed in terms of these 
functions and the tables of VB, 3, 4 are then useful. In some cases results are 
expressed in terms of Bessel functions of orders + 1/3 and WATSON ® made 
the tables in VA; 3, 4, 10; B; 3; B, 4. He found that the series u,(x), v,(x) can 
be used with the desired accuracy for x > 8 and that u,(x) > 0, v,(x) > 0, 
Un(X)Un' (x) > tn’ (x)0n(x). 
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E. Asymptotic expansions of Bessel functions of nearly equal order and argument 


Estimates of Jnim(ne)(0 < e < 1) were needed for the discussion of the 
convergence of the series of planetary theory, and the early work of CARLINI™ 
was completed by JAcosBiI™ and others. Similar estimates were needed for 
physical problems of wave propagation and much progress was made when 
DEBYE,*® WATSON * and others used the method of the saddle point for 
the evaluation of integrals in the complex plane. When use is made of the 
Airy functions, the results of Watson may be written in the following form: 

If p is large and x = g*/(3p") is arbitrary then 


Jl (p? — 2) 4] = (2/p)*e @+z—p tanh—1(¢/p) Aiz], 
JyI(p? + g*)4] = (2/p)"*[Ai(— 2) cos w + Bi(— 2) sin w], 
Y,|(p? + g*)'] = (2/p)'*[Ai(— 2) sin w — Bi(— 2) cos], 
where 
z= (3x/2)?/ and w=q—x-— ptan (q/p). 


For a more complete account reference may be made to the book of Watson 
and to the more recent work of VAN VEEN,?? PoLLAczEeK,?* LANGER,*® 
JAHNKE & Empe,“ Empe,“ Empe & RUaLE.” Langer uses methods de- 
pending on the transformation of differential equations and his results apply 
also to the case in which is complex. This case is needed in some wave 
problems and ArrEy “ has given an explicit form for the asymptotic ex- 
pansion of the function J;(x) of imaginary order which occurs in the work 
of BooLe. 

In terms of the Bessel functions of orders + 1/3 the results are as follows: 

If 0<x< wm, O<a<cw, 0O<b< hr, u= 7/6, T= tand—BS, 
t = a — tanha, 


A = (acotha — 1)}, B = (1 — bcot d)}, 
then 
J,(n sec b) ~ Blcos uJ1;3(nT) — sin uYi3(nT)], 
Y,(m sec b) = Blsin uJy/3(nT) + cos uVi/3(nT)], 
H,,(n sec b) = Be™!/*H{(nT), 
H,(n sec b) = Be-™!*H{?,(nT), 
J,(n sech a) ~ (A/x)Ky,3(nt), 
Y,(m sech a) ~ A[2I,s(nt) + (W3/x)K ys(nt)]. 


RR 2 


For the elucidation of these results reference may be made to the papers 
of NICHOLSON,** RAYLEIGH,“® MetyserR,*® Fox,’? SveTLov “* and VAN 
VEEN.*® Rayleigh made use of the method of stationary phase, a method 
which mathematicians until recently viewed with some distrust. The re- 
searches of VAN DER CorpuT ™ have, however, put the method on a sounder 
foundation and for Bessel functions the following results have been ob- 
tained by BryL. 


If 
In —x|?@<x and s+1 = 3S, 
|3aJn(x) — = (B,/s!)(6/x)S5T(S) sin (2Sx)| = cw, 
s=0 


|3a¥n(x) + +3 (B./s!)(6/x)ST(S){1 — cos (2Sx)}| = c’'w™, 
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where m is an arbitrary positive integer, c and c’ are constants depending 
on m and where 


wis = x? for |jn —x|5 <x, 
w? = x|\n — x|-3 for x? =|n — x|* = a5, 
panty I(s) 
B, = 1, B, = (n — x)By1 — =| an aq 5 |B 
Also, if n? = x 
m—1 
|Kn(x) — (2x)-¥e-* YO [Loe/(2s)'](45)“T(s + $)| = cw mx, 
s=0 


where Lo = 1, Lz = n?, Ly = n* — x, Le = n® — 15n*x — x, and w* = xior 
x/n? according as n* = x or n* > x. When n = x! the result is 


m—1 


|Kn(x) — (2N)~te-N+ 9 MY" (P2,/(2s)!)(GN)“T(s + 3)| 


= cw-™N-te-N+" In M 
where 
N=(n?+x?)}, N+n= Mx, P,=P,=P,=0, P,= —N, 


P.=10n?—N, Ps=56n?+35N?—N, Pio= —2100n?N+ 246n?+210N?, 
and where w? = n?/x or N/n according as n* = x’ or n4 > x. 


For the computation of J,(x) and K,(x) for large values of and x 
when x exceeds n, the formulae of Nicholson and Erdélyi are 


I,(n cosech a) ~ (224n coth a)—*e"“ta"" e-)/1 + O(n-)], 
K,,(n cosech a) ~ 2(2xn coth a)—te-"“t#"» [1 + O(n-)], 


where a > 0,” > 0. 
LEHMER ® remarks that the usual formula for large x 


I,(x) = (29x) e*wn(x) + O(ex-4), 


fails to be of practical use when 7 is O(x}) or x = O(n’). He points out also 
that Nicholson’s formula for I,(x) when either ” or x is large is not so useful 
for rapid tabulation as the author seemed to think and so a new formula 
for I,,(nx) is given for the case in which m is large and x has any real value. 
If zs = (1 + x?)! 


I,(mx) = (2anz)—te™[(2 — 1)/x]" exp D0 Ym(x?)(nz*)—™, 


where the coefficients ¥,(x*) are polynomials whose values are given up to 
m = 8, the first two being 24y1(x?) = 3x* — 2, 16y2(x*?) = xt — 4x°. This 
formula was derived from the asymptotic solution of the Riccatian equation 


dy/dx + y/x + y? = w(1 + x) 


and is used for example to calculate J109(75). 

As an example of series involving special functions other than poly- 
nomials multiplied by exponential or trigonometric functions, we may 
mention Hadamard’s expression ** for Io(x) as a series whose terms involve 
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the error function and polynomials. In Kibble’s extension of the formula * 
use is made of the incomplete gamma function. 

The method of stationary phase may give rise to series of special func- 
tions but in some cases they seem to be of the type described by Lanczos 
in which the coefficients of the powers of 1/x differ from the usual ones. 
Thus Bit ® finds that 


| Jn(x) — Im{(1/x)e*e-*” , [Gae/ (2s) !](2¢/x)**1(s + $)} |= Cao 


where C is a constant depending on m and Gp = 1, Ga,_1 = 0, 


2s—1 
Go= > [P(2s)/{r!P(2s—r)}][(d/dy)"(n tanh ny+ix sinh y—ixy)],-0Ge._,-—1. 
r=0 
For the asymptotic expansion of functions related to the Bessel functions 
reference may be made to the book of Watson and the papers of Meijer. 
The asymptotic forms of the ber, bei, ker and kei functions are 


ber (z) ~ (222z)—te*“ cos B(z), 
bei (z) ~ (2xz)—te* sin B(z), 
ker (z) ~ (2/2z)!e*—* cos B(— 2), 
kei (2) = (#/2z)'e*—* sin B(— 2), 


larg 2| < 1/[4z] 


larg 2| < 54/4 
where 


a(z) ~ 2/2! + 1/[822!] — 25/[3842*2!] — 13/[12824] — ---, 
B(2) ~ 2/2! — x/8 — 1/[822!] — 1/[162?] — 25/[3842°24] — ---. 


For the Struve function there is the estimate 


H.ls) = Y.(8) + (/s) = mt ® 


To +3 — m 8)" + Oe *r). 


When 7 is real and z positive, the error after p terms in the asymptotic 
expansion is of the same sign as and numerically less than the first term 
neglected, provided that 

R(p — n+ 3) = 0. 


F. Series for the zeros of Bessel functions 


Semiconvergent series for the Bessel functions had no sooner been found 
than they were used to locate the zeros of these functions, particularly 
those of large order. When the series are truncated, the problem to be 
solved is essentially that of the solution of the transcendental equation 


tan x = Rational function of x. 


In the work of Caucuy ® use was made of Lagrange’s expansion and series 
were found for the solution of the equation tan x = kx for various values of k. 
STOKES *5 obtained series for x, and x,’ which are reproduced in Rayleigh’s 
Sound. MCMAHON *° extended these series in 1895 and found that if j,, 
denotes the s-th positive root of J,(x) = 0, there is a polynomial approxima- 
tion of type 

Jia =U — mv — myv* — mw — my’ — --- 
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where 
m=4r—1, u=3(2r —1+ 4s), 8uv=1 


3m, = 4m(7m — 24), 15m2 = 32m(83m? — 816m + 2880), 
105m; = 64m(6949m* — 133088m? + 1298880m — 4838400). 
For the high roots of Y‘(x) = 0, Arey * gave the estimate 
Yr. = (27 + 4s + 1)x/4 — arctan [2(In 2 — y)/z] 


and an approximate expression for a zero y,,, of Y,(x) is given by the series 
used for j,,, but with « = }2(2r + 1 +.4s). Additional terms in the series 
for jr,. and y,,, have been found by the Bessel function sub-committee of 
the BAAS and the coefficients have been computed. BIcKLEY & MILLER ** 
have discussed the formula in the reversion of series which is used by 
McMahon. 

McMahon gave also series for the zeros of the derivatives of J,(x), 
x—4J,(x) and Y,(x). These may be derived from the series for a root of the 
equation 

XI r41(x) = tJ,(x) 


which may be derived from the differential equation 
(x? — 2rt + #)dx/dt = x. 


The coefficients in the series for x? are simpler than those in the series for x, 
indeed, if X = 4(2r + 4s + 1) 
xt = X24+ C+ CX + C.X-+* + C3X-* 4+ --- 


where 
C= 2t—m, Cy = 2ré? — (2/3)t? + 4m — m?/3, 4m = (2r + 1)(2r + 3) 


20C, = 8t5 + (20 — 40r)# + (40r? — 80r — 10)2° 
+ 40mri? — 30m + 29m? — 8m?. 


This is an extended form of the result given by BATEMAN.® In a letter of 
August 23, 1943, S. O. Rice of the Bell Telephone Laboratories extended 
the result by a series suitable for large values of ¢. If = 1/zandw = 1 — 2rz, 
Y = 4n(2r + 3 + 4s) the new series is 


aa —1 on 2 _ ou 1—1/r 
xf = Pape $ Yoysa L280 on ea + HY) +: 





so that roughly 
x? = V%Awl/r + (2/3) V2s5w2/r—], 


This formula has been tested for x = 13 by means of a graph of x? against t. 
Since . 


Fr4i(x) = (r/x)J(x) — Jr'(x), 
the equation for x can also be written in the form 


(r — )I(x) = xJ,'(x). 
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When J,(x) is replaced by Y,(x) the series for x? can still be used with ap- 
propriate values for X and Y. This is true also when a function of type 
J,(x) cosa + Y,(x) sin a is used instead of J,(x). 

McMahon remarks that his series for the zeros of J,’(x) and of the 
derivative of x~4J,(x) give respectively the roots of tan x = 2x and of the 
equation of RAYLEIGH (Sound, v. 2, p. 232-3) 


(2 — x?) tanx = 2x. 


A series which generalizes the second of these series and also Cauchy’s 
series for a solution of Poisson’s equation 


tan x = 9x/(9 — 4x?) 
gives the solution of tan x = x/(a — cx) in the form 


x= se —2— (ec +d — 1/3)2* — (& + 4cd + 2c? — d — 4c/3 + 1/5)z5 
— (d* + 9d’c — 2d? + 15dc? + 5c* — 8cd + d — Sc? + 23c 
— 1/7)s" + «>>, 


where d = ac, 2 = 1/(csr). For the equation tan x = ax, Cauchy gave a 
series for the case a = 1 which is not given directly by putting c = 0 in 
the foregoing series. If S = (s + 4)x, Cauchy’s series is 


x = § — S$ — (2/3)S-* — (13/15)S-* — (146/105)S-7 — ---. 
For the roots of 2xJ,’(x) = J,(x), McMahon gave the series 


x= X — M,V — M.V*? — M3V' — MV' — --- 
where 


M=4r, 8VX =1, Mi=M+7, 3M2 = 4(7M* + 154M + 95), 
15M; = 32(83M* + 3535M? + 3561M + 6133), 105M, = 64. 


For the s-th positive root of the equation 
J.(x) Y,(kx) = Y,(x)J,(kx), a> i, M = 4n’, 
McMahon gave the series 
x= b+ pe + (q— pc? + (r — 4pq + 2p*)c* + --- 
where 
be =1, (R-—1)b=s, 8p = M—1, 
3(8k)3(k — 1)g = 4(M — 1)(M — 25)(k* — 1), 
5(8k)5(k — 1) = 32(M — 1)(M? — 1)(M? — 114M + 1073). 
McMahon also gave a similar series for the roots of 
In'(X) Vn'(h’x) = Vn'(x)Jn'(h’x), = RR’ = 1, 
the coefficients being now 


b = (M + 3)/8k, g = 4(M? + 46M — 63)(k* — 1)/[3(8k)*(k — 1)], 
r = 32(M* + 185M? — 2053M + 1899)(k* — 1)/[5(8k)*(k — 1)]. 
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SASAKI ® has given a series for the roots of Y,(kx)J,'(ka) = Yn(ka)J,'(kx), 
and FIsCHER * has given a series for the roots of J:(x) Yo(kx) = Yi(x)Jo (kx) 
using McMahon’s method. 

For the s-th positive zero of ber x, bei x, ker x and kei x, ArREY ® has 
given the series 


x=~b+ B+ 4V2B? + 76B*/3 — 96V2B‘ — 124768B5/15 — --- 


where the values of 6 are respectively (s — 3/8) xV2, (s + 1/8) xv2, 
(s — 5/8)eV2, (s — 1/8)"V2 and 8bB = 1. 

For the zeros of ber’ x, bei’ x, ker’ x and kei’ x the series given by 
AIREY ® is 


x = ¢ — 3C — 12V2C? — 156C* — 864V2C* — 19872C9/5 — --- 


where 8cC = 1 and the respective values of c are (s + 3/8) V2, (s — 1/8) xV2, 
(s — 3/8)wV2, (s + 1/8)4v2. 

McMahon’s series for j,,, is given in an abbreviated form in Rayleigh’s 
Sound (v. 1, p. 329) and in a complete but incorrect form in Gray and 
Mathews Bessel Functions. The error is noted by MARSHALL.® Situ, 
RopGers & TRAUB ® say that McMahon’s series for the zeros of the first 
derivative of J,(x) gives the (s + 1)-th root and not the s-th root. 

In 1918 Watson ® noted some cases of failure of McMahon's formula 
for j,,s, particularly for large values of r. For such values Debye’s asymptotic 
formula 


3+ S5cot?bd 
J,(n sec b) = (4mm tan b)-* ( cos B + ae 


B = n(tanb — 6) — in 


cot bsin B + J, 


may be used except when 0 is very small. In this case Watson recommends 
the formula 


J,(n sec b) = (2/3) tan b[cos TJ_1;3(U) + cos T’J1;3(U)] 
3T = n(3 tan b — tan*b — 3b — wr), 37’ = 3T +27, 3U = ntan*d 


which gives an error less than 24/n. Other formulae may be obtained by 
assuming a definite order of magnitude for x — m. In 1899 KoppE ® used 
the form x = u* + uv, where u* = m and appropriate asymptotic forms 
were developed by WATSON ® and Fox.® These like the formula just given 
may be expressed most conveniently in terms of Bessel functions of orders 
+ 1/3 and are then valid not only when m/x is close to 1 but also in the 
domain of validity of Debye’s expressions. When 


la—n| <ni/5 


the expressions of Watson and of Fok are equivalent to the formulae 
involving the integral of Airy. 
In 1922 ArrEY © gave a formula of type 


See z= tf + a,(s)t + b,(s)t, P= f, s= ‘. Fe 3. 
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The improvement of this formula may require the use of other estimates 
of J,(x) than those just mentioned. Those of Bijl and Lehmer may be 
worth studying in this connection. 

For equations which involve squares and products of Bessel functions 
asymptotic expansions of these functions are needed. For these reference 
may be made to p. 223 of the book of Watson and to the paper of BarLey.”® If 


P = JiJ- + Valu Q = J,,Y, — JaVon 
R = ; a —- Satu S = pm A + JVs 


where the argument of the functions is 2 and if 2c = m — n, 2s = m + n, 
4g = m+n -+ 2a, 2t = (m — n)x, wz = 1, Bailey’s series are 


P—Qcott = (m? — n*)(wcosec?) 4F\(1 + 5,1 +0¢,1 —s,1 —c;3/2; —w’), 
P+ Qtant = (2/x)wcos tFi(4 +5, 4 +¢,}—s5, 4 —c; 3; — w’), 


9 (3 + m)op(3 mak M) 2p 








Rsina — Scosa = (2/r)w 2 (— 4w’) (2p)! F’, 
on 1 _ 
Rceosa+ Ssina = — (1/2) w? x (- Lay?) P (3 + aT M)2p+1 F", 
where 
F’ = 3F2(3 + , 3 — m, — 2p; 3 — m — 2p, 3 +m — 2p; — 1), 
F” = 3F.(3 + , 3 — , — 2p — 1; — 3m — 2p, m — 3 — 2p; — 1). 


Since asymptotic expansions of Bessel functions are not generally useful for 
the determination of the small roots of equations, other methods have been 
devised. Some of these have been used by AlREyY.”! IKEDA ™ strongly recom- 
mends a method based on the use of the series 


J,(ax) = a* > oa 6 (x/2)*Ini-e(x) + a” 


s=0 s! 
<4 < i, 


(1—a*)™) Ing (Ox) 
a 


and when x differs very little from a zero of J,(z), he finds the approximate 
value of this zero to be 


2n +1 (4n +1)(2n+1) || 4? 


cendiineeseamanens 2 
stat] *T 2x2 13: 





where A = Jn(x)/Jn4i(x). 
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Jo(2.20, 2.21), for 146183, read 146103. 8, Ji(.13, .14), for —52656, read —52356; 
Ji(1.91, 1.92), for —406332, read —406328. 
W. G. BickLey, see BAASMTC 5, 9 
W. G. Bicktey & J. NAYLER 
1. Phil. Mag., s. 7, v. 20, 1935, p. 343-347. [X]. 
M. A. Biot 
1. A.S.M.E., Trans., J. Applied Mech., v. 59, 1937, p. A7. [X]. 
F. F. P. Bisacre 
1. Phil. Mag., s. 6, v. 45, 1923, p. 1035-1038, graph, p. 1036. [XI]. Computation based 
on ALpis 2, p. 42-43, and JAHNKE & EMDE 1), p. 139-140, correcting errors in the 
latter. 
E. ByORKDAL, see T. HESSELBERG 
M. BLACKMAN 
1. R. So. London, Proc., v. 173A, 1939, graph, p. 76. [X]. 
G. BLANcH, see DinniK 12, Lowan 
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H. BiumeEr (see also KLEINERT) 

1. Ms. Riccati-Bessel functions S,(x), S,’(x), = 0(1)7, for x = 2.5; 7D, in the In- 
stitute for Applied Mathematics, Univ. Berlin (R. v. Mises, Verzeichnis berechneter 
Funktionentafeln, Berlin, 1928, p. 14). [IV]. 

2. Z.f. Physik, v. 38, 1926, p. 308. [IV]. 

3. Z.f. Physik, v. 38, 1926, p. 926-928. [I]. 

F. BorGnis 
1. Z.f. Physik, v. 100, 1936, graphs, p. 492, 496-498. [V]. 

M. Born 
1. Optik ein Lehrbuch der elektromagnetischen Lichttheorie, Berlin, Springer, 1933, p. 

207-209, 492. [I, III]. 

M. Born & K. Fucus 
1. R. So. Edinburgh, Proc., v. 60, 1940, p. 145. [I]. 

J. Bouman & W. F. DE JONG 
1, K. Akad. v. Wetens., Afd. Natuurk., Verhandelingen, v. 14, no. 4, 1931, p. 35. 

[X]. This title was suggested by the Liverpool Index. 

J. BourGEt 
1;. Paris, Ecole Normale Supérieure, Annales, s. 1, v. 3, 1866, p. 82-87. [I]. One of the 

two tables here given is reprinted in the following entries: 

1s. RAYLEIGH, Theory of Sound, v. 1, London, 1877, p. 274 (German ed., 1879, p. 364); 
second ed. 1894 (various reprints) p. 330. 

13. Byerty 1, 1893, p. 286. 

1,4. THoMson, 1893, p. 353. 

1;. DALE, 1903, p. 83. 

1g. JAHNKE & EMDE 11, 1909, p. 147; 12, p. 239; 13-15, p. 168. 

17. REINSTEIN, 1911, p. 75; partial. 

1s. Gray & MATHEWS lo, 1922, p. 302. 

1p. Prescott, 1924, p. 653. 

110. HAyAsut 2, 1930, p. 52; partial. 

141. CoLWELL & Harpy, 1937, p. 1046. 

1i2. F. Bowman, Introduction to Bessel Functions, London, 1938, p. x, partial. 

Errata: Of the 54 entries of the Bourget table of roots of Jp(x) = 0, 27 are erroneous; 
see MTAC, p. 160. These 27 errors have been corrected in Jahnke & Emde 1¢. 

E. BRASEY 
1. L’Enseignement Math., v. 23, 1924, p. 193-202. [XI]. 

P. BRAUER & E. BRAUER 
1. Z. angew. Math., v. 21, 1941, p. 177-182. [IXi]. 

G. Brett (see also Yost) 

1. Phys. Rev., s. 2, v. 32, 1928, p. 275. [V]. 

B.A.A.S., COMMITTEE FOR THE CALCULATION OF MATHEMATICAL TABLES (BAASMTC). 
Apart from the partially anonymous tables listed below, there are numerous other tables 
listed elsewhere in this Bibliography under the names of members of this Committee. 
1. Bessel Functions. Part I. Functions of Orders Zero and Unity. (Mathematical Tables, 

v. 6), Cambridge, 1937, xx, 288 p. 21.5 X 28 cm. [I-III]. 
Tables: T. I: p. 2f, Jo(x) and Ji(x), (the 10-figure values of this table up to x = 15.5 
were formed by subtabulation to tenths of the original 12-figure values of MEISSEL 1; 
for the range x = 15.5 to 25, the values were taken from H. T. Davis); T. II: 
p. 171f, Zeros of Jo(x) and Ji(x), with corresponding values of Ji(x) and Jo(x), 
150 values of each to 10D, (see Davis & Kirxkuam); T. IIIA: p. 175, Auxiliary 
Functions for Yo(x) and Yi(x), [Co(x), Ci(x), Do(x), Di(x)]; T. III: p. 176f, Yo(x) 
and Y;(x), (partially based on ALpis 1 and Hayasut 3); T. IV: p. 201, Zeros of 
Yo(x) and Yi(x), with corresponding values of Yi(x) and Yo(x); T. V: p. 203f, 
Auxiliary Functions for Jo(x), J:(x), Yo(x) and Vi(x), [(Ao(x), A1(x), Bo(x), Bi(x)]; 
T. VI: p. 214f, Io(x) and J:(x), (based on Apts 1); T. VIIA: p. 265, Auxiliary Func- 
tions for Ko(x) and Ki(x), [Eo(x), E:(x), Fo(x), Fi(x)]; T. VII: p. 266f, Ko(x) and 
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Ki(x); T. VIII: p. 272f, e-*Io(x), e~*11(x), e*Ko(x), e*Ki(x); T. IX: p. 284, e* and 
e*; T, XA: p. 285, Everett coefficients of the second difference; T. XB, XC: 
Bessellian coefficient of the double second difference. In each T. I-VIII (except in 
II and IV) second differences are given, modified if necessary, adequate for inter- 
polation within a unit of the last figure given. Prepared under the supervision of 
L. J. Comrie. 

Erratum: missing decimal point in the value of J;(7.840), G. R. CLeEmMENnts, Amer. 
Math. So., Bull., v. 44, 1938, p. 767. The names Bécher and Schafheitlin are twice 
misspelled on p. xix, xx. See also MEISSEL 23. 


- Mss.—J,n(x), x = [0(.1)25; 8D], m = 2(1)20, expanded for x = [0(.01)10; 8D], 


m = 2(1)12, and with some other minor variations; second differences are given, 
modified if necessary. Also J,(x), for x = [0(.1)25; 10D], ~ = 0(1)20, without 
differences. (Copies of these mss. are also in possession of the NYMTP). Prepared 
under the supervision of L. J. Comrie. [I]. See Comrig. 

Mss.—Y,,(x), or in some ranges yn(x) = x"Y,(x), x = [0(.1)25; 8S], m = 2(1)12; 
second differences, modified if necessary. Also Y,(x), for x = [.1(.1)25; 10S], 
n = 0(1)20, without differences. (A copy of this latter ms. is in the possession of the 
NYMTP). Prepared under the supervision of J. C. P. MILLER (the values from 
x = 20 tox = 25 were made available by C. E. GwyTHER) ; not quite complete. [IT]. 


. Mss.—I,(x), and in(x) = x-*J,(x), and e~*I,(x), x = [0(.1)20; 8S], 2 = 2(1)20, ex- 


panded for x = [0(.01)10; 8D], » = 2(1)12; second differences, modified if neces- 
sary. Also J,(x), for x = [0(.1)20; 10S], 2 = 0(1)20, without differences. (A copy 
of this last ms. is in the possession of the NYMTP). Prepared under the supervision 
of J. C. P. MILLER and A. J. THomMpson; not quite complete. [III]. 


. Mss.—K,(x), and ka(x) = x"K,(x), and e*K,,(x); x = [.1(.1)20; 8S], 2 = 2(1)20; ex- 


panded for x = [0(.01)10; 8D], 2 = 2(1)12; second differences, modified if neces- 
sary. Also K,(x), for x = [0(.1)20; 10S], 2 = 0(1)20, without differences. Prepared 
under the supervision of W. G. BIcKLEY; not quite complete. [IIT]. 


. Mss.—Preliminary tables for Nos. 2-5: 


Jn(x), «x = [0(.1)25.5; 12D], 2 = 0(1)20. 

Y,(x), x = [.1(.1)25.5; 13-20D], 2 = 0(1)21; ya(x), x = [0(.1)6; 14D], 2 = 0(1)20, 
with some extension to higher x for the higher values of n. 

In(x), x = [0(.1)20; 15-18D], m = 0(1)21; log I,(x), x = [6(.1)20; 15D], m = 20, 
21; in(x), x = [0(.1)6; 15D], m = 0(1)22; log ia(x), x = (6(.1)20; 15D], 
nm = 21, 22. 

K,(x), x = [.1(.1)20.5; 12-13S], 2 = 0(1)20; ka(x), x = [.1(.1)6; 12-15S], 2 = 0(1)20. 

Most of the above tables have been checked to 12 or more decimals by formation of 

differences to high orders or otherwise; differences are also available in manuscript. 

{I-III}. 


« Mss.—Jiya(x), Jo1sa(x), Jara(x), J-2/4(x), x = [0(.1)20; 7D]. [VI]. Subtabulation in 


the range 0 < x < 5, reported in 1933, appears not to have been carried out. 


. A. Printers proof, and B. Mss. of Airy’s Integral, see Section V of this Guide. Con- 


tents of A, of which J. C. P. MILLeEr is the chief author, and which the BAASMTC 
hopes to publish in 1944: T. I: Az(x) and Az’(x), x = [—20(.01) + 2; 8D]; T. II: 
Log Ai(x) and Ai’(x)/Ai(x), x = 0(.1)25(1)75, 8D and 7D; T. III: Zeros and turn- 
ing values of Ai(x) and of Az’(x), the first 50 of each, to 8D; T. IV: Bi(x) and re- 
duced derivatives, x = [—10(.1) + 2.5; 8, 9 or 10D]; T. V: Zeros and turning values 
of Bi(x) and of Bi’(x), the first 20 of each, to 8D; T. VI: Log Bi(x) and Bi’(x)/Bi(x), 
x = (0(.1)10; 8D and 7D]; T. VII: F(x), x(x), G(x), ¥(x), x = — 80(1) — 30(.1) 
+2.5; [F(x) and G(x), 8D x =0; 7D x > 0]; x(x) and ¥(x), 6D of 1°. The reduced 
derivatives (which are h"(d/dx)" Bi(x)/n!, with h = .1, the interval of tabulation) 
are given as far as needed for interpolation. Modified second differences, with a 
fourth difference correction when needed are provided for interpolation in T. I, II, 
VI, and VII. [V]. A 7-place table Ai(x) by HAROLD JEFFREYS was incorporated into 
this material. [See H. Jerrreys, Phil. Mag., s. 7, v. 33, 1942, p. 451-456.] 
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B. Mss.—All the tables listed above to two or more extra decimals. In addition the 
following are available: (a) Ai(x) and reduced derivatives as far as needed for 
step-by-step integration to 12 working decimals for x = — 20(.05) — 10(.1)0; and 
to 12 working S (21D at x = 10), for x = 0(.1)10. (6) Bz(x) and reduced derivatives, 
as far as needed for step-by-step integration to 12 working decimals forx = — 10(.1) 
+2.8. (c) Various squares and derivatives, etc. of the auxiliary functions. [V]. 
Great help with the preparation of some of the fundamental tables was received 
from C. E. GwyTHER, and the troublesome subtabulations were carried out by 
H. O. HartLey and Mrs. R. O. CasHEN. A. N. Lowan reported that the NYMTP 
possesses mss. sent to it by J. C. P. MILier; these are 12-place tables of Az(x), 
= — 10(.1) + 10; and tables (6) above. 

9. Mss. prepared under the supervision of W. G. BickLEy and J. C. P. MILueEr. 
These tables contain the first 52 or 53 positive zeros of J,(x) and Y,(x), for 
nm = [0(4)11(1)20; 12D). [I, II, IV]. The computation is almost complete except 
in those cases where the McMahon asymptotic expansion fails to give a root to the 
requisite number of decimals with 8 or 9 terms, and which also have this root ex- 
ceeding x = 25 for J,(x) or x = 21.6 for Y,(x). These exceptions are at present 
available only to a lesser number of decimals, from about 2, when x just exceeds 
25 or 21.6, to 10 or 11. 

The calculations have been carried out as follows: by C. E. GwyTHER and others, 
for m = 34(4)11(1)20; by S. Jonnston for m = 2 and 3, 8th to 52nd or 53rd zeros, 
also all zeros of J,(x) for which x < 25; by C. W. Jongs and others for zeros of 
Y,(x) with x < 21.6. 

E. Brixy 
1. Z. angew. Math. Mech., v. 19, 1939, p. 372-379. [I]. 
2. Z. angew. Math. Mech., v. 20, 1940, p. 236-238. [X]. 
H. BucHHOLz 
1. Archiv f. Elektrotechnik, v. 22, 1929, p. 367, graphs p. 367, 372. [XI]. 
2. Elek. Nach. Tech., v. 15, 1938, p. 310, graph, p. 302. [IIT]. 
3. Archiv f. Elektrotechnik, v. 37, 1943, p. 148-149, 160-161. [I, IV]. 
E. BUCHWALD 

1. Annalen d. Physik, s. 4, v. 66, 1921, p. 5, 12-13 graph p. 4. [I, IIT]. 
C. R. Burcn & N. R. Davis 

1. Phil. Mag., s. 7, v. 1, 1926, graph p. 781. [XI]. 
V. R. Bursian 

1. Leningrad, Universitet, Uchenye Zapiski, seria fizicheskikh nauk, v. 1, 1935, 
p. 1-9. [V]. 

V. R. Burstan & V. A. Fox 

1. Akad. Nauk., Leningrad, Fiziko-Mat. Institut, Trudy (Travaux), v. 2, no. 1, 1931, 
p. 6-10. [X]. 

S. BuTTERWORTH 

1. Phys. So., Proc., v. 25, 1913, p. 297. [I, XI]. 

2. R. So. London, Trans., v. 222A, 1921, p. 64-65, 73, graphs, p. 68, 71. [XI]. 
A. Buxton 

1. R.A. S., Monthly Notices, v. 81, 1921, p. 558. [I]. This title was suggested by the 
Liverpool Index. 

W. E. Byerty (see also Bourcset, P. A. HANSEN, STOKES) 

1. An Elementary Treatise on Fourier’s Series and Spherical, Cylindrical and Ellipsoidal 
Harmonics . . ., Boston, 1893, p. 286-287. [I]. 

Tables: T. IV: x/w for Jo(x) = 0 and Ji(x) = 0; T. V: Zeros of Jn(x); T. VI: 
Jo(x), Ji(x). 

21. Harmonic Functions, in Higher Mathematics ed. M. MERRIMAN and R. S. Woop- 

WARD, New York, 1896, p. 224-225. [I, III]. 
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22. Second ed., 1898, third ed., 1900. Also as a separate book, fourth ed. enl. 1906, 
p. 62-63. 
Contents: T. 2: Jo(x), Ji(x); T. 3: xe, xe’; T. 4: Jo(xi) = I(x). 
G. A. CAMPBELL & R. M. Foster 
1;. Bell Telephone System, Technical Publications, Monograph B584, 1931, graph 
p. 20. [VI]. 
12. Collected Papers of George Ashley Campbell, New York, Amer. Tel. and Tel. Co., 
1937, graph, p. 308. 
H. CARRINGTON 
1. Phil. Mag., s. 6, v. 50, 1925, p. 1262. [III]. 
Erratum: First root for » = 0, for 3.1961, read 3.1955. Atrey 2, p. 227 (MTAC, 
p. 202). 
Mrs. R. O. CasHEN, see BAASMTC 8. 
A. CAYLEY, see RAYLEIGH 
S. CHANDRASEKHAR 
1. R.A.S., Mo. Notices, v. 94, 1933, p. 27, 34. [III, X]. 
S. CoapMan & T. T. WHITEHEAD 
1, Int. Congress Mathematicians, Toronto, 1924, Proc., Toronto, v. 2, 1928, p. 329- 
330. [IV]. 
C. CHREE 
1. Cambridge Phil. So., Trans., v. 15, 1891, p. 221-223, 227, 229, 230. [I}. 
A. H. Cuurca, see NEWMAN 
M. M. CLapp 
1. J. Math. Phys., M.1.T., v. 16, 1937, p. 76. [I]. 
M. CLARKE, see JAEGER 
G. R. CLEMENTs, see BAASMTC 1. 
R. C. Co-wett & H. C. Harpy (see also BouRGET) 
1. Phil. Mag., s. 7, v. 24, 1937, p. 1044, 1046-1049, 1053-1054 and graphs, p. 1047- 
1049. [I, II, IIT]. 
Errata: ‘It is quite unhappy for us to mention here that some misprints and few 
numerical values too approximated have slipped into the excellent table,”’ p. 1044, 
Osaka and Tosiisi, p. 777. 
In the table of Jo(x), Io(30), p. 1046, is erroneous; see MTAC p. 199-200, note 
by J. W. WRENcH, JR., who gives J(30) to 20S. See also BourGet. 
R. C. Co_weE tt, J. K. Stewart, & H. D. ARNETT 
1. Acoustical So. Amer., J., v. 12, 1940, graph p. 262. [III]. 
L. J. Comrie (see also AtrEY 34, BAASMTC 1, 2, 6, McLacaian & MEYERs) 
1. Ms.—Jo(x) and Ji(x), for x = [0(.001)16(.01)25; 12D]. [I]. See MTAC, p. 60-61. 
E. U. Conpon 
1. J. Applied Physics, v. 11, 1940, p. 506. [I]. 
A. E. Conraby 
1. R.A.S., Mo. Notices, v. 79, 1919, p. 577. [I]. This title was suggested by the Liver- 
pool Index. 
M. S. Corrtncton & W. MIEHLE 
1. Mss. in possession of the RCA Victor Division of Radio Corporation of America, 
Camden, N. J., Jn(ms) for m = 0(1)10, s = 1(1)20, (a) m = 0(1)10; (6) m = x(x)5zx, 
each table being to 5D. [I]. 
O. G. C. DABL 
1. A.S.M.E., Trans., v. 46, 1924, graphs, p. 170-171. [I, II]. 
J. B. DALE (see also BourGEet, LopGE, LoMMEL, STOKEs) 
1. Five-Figure Tables of Mathematical Functions comprising tables of logarithms, powers 
of numbers, trigonometric, elliptic, and other transcendental functions, London, 1903, 
p. 81; Table probably adapted from Mertssex 4. [I, III]. 
Erratum: P. 80, Jo(5.9), for +.11203, read +.12203. Liverpool Index. 
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DARMSTADT, TECHNISCHE HOCHSCHULE 
1. Ms. seven-place table of the function A,(x), JAHNKE & EMDE 13, p. 221. [VII]. 
F. N. Davin & E. C. FIELLER 
1. Biometrika, v. 24, 1932, p. 344-346. [X]. 
A. H. Davis 
1. Modern Acoustics, New York, Macmillan, 1934, graph, p. 62. [I, LX]. 
H. T. Davis 
1. Mss.—Jo(x) and Ji(x) for x = [15.5(.01)25; mostly 15D]. [I]. The calculation was 
based on MEISSEL 5; see BAASMTC 1, p. xi. 
H. T. Davis & W. J. KirKHAM (see also BAASMTC 1) 
1,;. Am. Math. So., Bull., v. 33, 1927, p. 760-772. [I]. 
Errata: In the value given for Ji(x«) for —0.23245 98214, read —0.23245 98314. 
Meissel’s correct value for x9’, in MEISSEL 2, was copied incorrectly in both editions 
of Gray & MATHEws; for 29.04682 85340, read 29.04682 85349. There are the follow- 
ing 11 cases with incorrect end-figures in J:(x,); when s = 7, 2 should be substi- 
tuted for 3; s = 8, 7 for 4;s = 9, 8 for 9; s = 10, 7 for 9; s = 11,4 for 5; s = 14, 
8 for 9; s = 17, 0 for 2; s = 18, 3 for 4; s = 20, 89 for 91; s = 24, 8 for 9; s = 27, 
3 for 4. Four other cases of end-figure corrections are as follows: in x,’, s = 53, 
7 for 8; s = 54, 2 for 1;s = 55, O for 1; and in Jo(x,’), s = 150, 5 for 6. (BAASMTC 
1, p. xiii). 
12. T. II of BAASMTC 1, is a corrected reprint of the first 150 zeros, x5, xs’, of Jo(x) 
and Ji(x), together with the values of Jo(xs’), Ji(xs). 
N. R. Davis, see BuRcH 
P. DEBYE 
1. Annalen d. Physik, s. 4, v. 46, 1915, p. 820. [X]. 
G. DELLA MOGLIE 
1. Accad. d. Lincei, Rendiconti, cl. sci. fis. mat., s. 6, v. 11, 1930, p. 955, 956, 959, 
graph, p. 957. [II]. 
J. E. DickKMANN 
1. Ingenieur Archiv, v. 9, 1938, p. 478. [IIT]. 
A. N. Dinnrk (see also HAYASHI) 
1. Russ. fiziko-khimicheskoe Obshchestvo, Zhurnal, v. 42, 1911, part 8, 4 p. [V]. 
2. Arch. Math. Phys., s. 3, v. 18, 1911, p. 337-338. [V]. 
Errata: Greenhill’s erroneous x; in J_1/3(x) copied. 
3. Novocherkask, Donskoi Politekh. Institut, Izvestiza, v. 1, 1912, p. 30-31. [V]. 
4. Novocherkask, Donskoi Politekh. Institut, Jzvestiza, v. 1, 1912, p. 326-328. [IV]. 
5. Novocherkask, Donskoi Politekh. Institut, Izvesti#a, v. 2, 1913, p. 57-58, 68. 
[V, VI). 
6. Novocherkask, Donskoi Politekh. Institut, Izvestiza, v. 2, 1913, p. 353-356. [IV, 
V, VI). 
7. Arch. Math. Phys., s. 3, v. 20, 1913, p. 238-240. [IV]. 
81. Arch. Math. Phys., s. 3, v. 21, 1913, p. 325-326. [VI]. 
82. JAHNKE & Emp, 13-15, p. 164, and 1s, p. 223. 
Errata: In reprinting these tables of Js.1/4(x), J3/4(x), EMDE made 10 corrections, 
namely in: Ji14(4.8), J144(5.4), Jsia(1), J314(4.8), J314(5.4), J_174(4.8), J_114(5.4), 
J_3/4(4.8), J—3/4(5.4), J-3/4(5.6), and one change from what was right J3,4(5.2). 
But after these changes the NYMTP found 31 errors, the following 9 of which 
were larger than a unit in the last figure: Ji/4(7.4), for .2925, read .2923; Ji;4(7.6), 
for .2873, read .2869; Jijs(7.8), for .2711, read .2704; Jiss(8.0), for .2449, read 
-2436; Js/4(6.8), for .0447, read .0449; Js;4(7.8), for .2602, read .2604; J3/4(8.0), 
for .2749, read .2752; J-14(.2), for 1.4310, read 1.4319; J_s/4(3.2), for —.3943, 
read — .3945. All of the errors of this table have been corrected in JAHNKE & EMDE 1¢. 
9,. Arch. Math. Phys., s. 3, v. 22, 1914, p. 227. [V]. 
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JAHNKE & Empe, 13-15, p. 235, and 12, p. 285. 

Errata: The following errors were noted by F. P. Waite, R. So. London, Proc., 
v. 100A, 1922, p. 522; in I_1s(x), x = 2.2, for 2.5226, read 2.5626; x = 3.00, for 
4.9710, read 4.7754; x = 6, for 65.55, read 66.55; in I_2/3(x), x = 2.8, for 3.7002, 
read 3.7595; x = 8.0, for 418.01, read 415.01. As the result of inquiries carried through 
by the NYMTP we are able to report that in these tables of I.1/3(x), I..2/3(x) there 
are 63 errors in the 168 entries; 26 of these are greater than unity in the last figure 
and some of the errors are serious. It was shown that White’s corrected value, noted 
above, for I_2,3(2.8) is incorrect; for 3.7595, read 3.7603. This correct value was 
given in Dinnrk 15. See also Dinnik 11, T. IV, the unreliability of which was 
voiced by HEATLEY 1, p. 274. The 63 errors have been corrected in JAHNKE & 
EMDE 1g. 

Prilozhenie Funkisii Besselia k zadacham Teorii uprugosti [Application of Bessel 
functions to problems in the theory of elasticity], part 2, Teoria vibraisit, Dnepro- 
petrovskii Gornyi Institut [School of Mines], Izvestiza, v. 11, no. 2, 1915, p. 19-20, 
23-24, 130-135. [II, V, VI]. 

Tables: T. 1: Tacsss(x), Jaeasa(x); T. 11: zeros of Jasys(x), Jaaya(x); T. U1: Tassa(x), 
Tasya(x); T. IV: Dasss(x), T2/a(x). 

Errata: All the errors noted in connection with Dinnik 8 and 9, are also preserved 
in T. I and IV. 

All Russian Central Committee, [Communications], 1922, p. 121-126. [III, XI]. 
HayasHl 2, p. 105-109. 

Errata: Hayashi’s reprint of Dinnik’s table preserves all its mistakes; 53 errors 
of more than a unit in the final decimal place have been listed by A. N. Lowan and 
G. Bianca, “Errors in Hayashi’s [sic] table of Bessel functions for complex argu- 
ments,” Amer. Math. So., Bull., v. 47, 1941, p. 291-293. 


. A.S.M.E., Trans., v. 51 (1), 1929, APM-S1-11, p. 109. [IT]. 
. AS.M.E., Trans., v. 54, 1932, APM-54-16, p. 170-171. [II]. 
. Tabliisi Besselevikh Funkisit drobovogo poriadku [Tables of Bessel functions of 


fractional order], Akad. Nauk, U.S.R.R., Kiev, Prirodnicho-tekhnichinii vidil, 1933, 
29 p. [IV-VI]. 

Tables: T. 1: Facss2(x), Tacrso(x); T. 11: Jaesss(x), Ja2/3(x); T. 111: zeros of J_2/3(x), 
J_112(%), Jira(x), Tera(x) 3 T. 1V: Tacsys(x), Teasa(x); T. Vz Jacssa(x), Jacava(x); T. VI: 
zeros Of Jaiss(x), Jacsva(x); T. VIL: Dacasa(x), Tacsra(x); T. VITT: Jacsve(x), Jasre(x); 
T. IX: zeros of J16(x), Jase(x); T. X: Desse(x), Tsre(x); T. XI-XII: J,(x), In(x) 
for various values of m (mostly fractional), and of x. 

Errata: We have a report prepared by the NYMTP, after checking with its mss., 
Dinnik’s T. II, III, V-VII, and T. IV, up to x = 12. Apart from innumerable end- 
figure unit errors, there are 323 errors of more than one unit; four samples are as 
follows: J1/3(6.1), for —.0217, read +-.0217; Jo/3(1.8), for .5978, read .6016; I1/3(12), 
for 18757, read 18857; J41/4(.4), for .4173, read .7144. The corrections for 8 zeros of 
T. III and T. VI are as follows: fifth zero, Je/s, for 15.970, read 15.964; first zero, 
J_1/3, for 1.860, read 1.866; fourth zero, J_1/3, for 11.263, read 11.237; fifth zero, 
J113, for 14.406, read 14.404; fourth zero, J_14, for 11.404, read 11.396; first zero, 
J si, for 3.441, read 3.491; fifth zero, Js/4, for 16.110, read 16.091; fourth zero, J_s/, 
for 10.590, read 10.588. 


Nos. 1, 10, 11, 14 are in the Library of Brown University and nos. 3-6 in the New York 
Public Library. 
A. T. Doopson (see also PROUDMAN) 


Z. 


i 


. BAAS., Report, 1922, p. 263-270. [IV]. 





B.A.A.S., Report, 1914, p. 87-102. [IV]. 

Errata: Errors in | E13(9) |? and | £14(9) |?, and in characteristics of various logarithms 
are corrected in Doopson 2, p. 97. 

B.A.A.S., Report, 1916, p. 97-107. [IV]. 
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Tables: bern x, bein x, ber’, x, bei’, x, ker, x, kein x, ker’, x, kei’, x, m = 0(1)5. 
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T. V: Ih(x); T. VI: Im(x); T. IV-VI are reprints of parts of LopGE 1-2. The table 
on p. 155 is from THoMsoN, on p. 182-183 from LoMMEL, and on p. 207 from 
STRUVE 1. 
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J. G. JAEGER & M. CLARKE 


i. 


R. So. Edinburgh, Proc., v. 61A, 1942, p. 229-230. [X]. 


E, JAHNKE 
1. Archiv Math. Phys., s. 3, v. 23, 1914, p. 265-267. [XII]. 
E. JAHNKE & F. EMDE 


11. 


Funktionentafeln mit Formeln und Kurven, Leipzig and Berlin, 1909; second, un- 
changed, reprint 1929, p. 2-3, 104-164. 15.3 X 23.6 cm. [I-IV, VI, X, XI]. 

Tables: T. I, p. 106: least root of J_1/3(x) = 0 (GREENHILL, see MTAC, p. 196), 
tables of —24(3)! xtJij4(x/2), 2-4(— 4) xt _14(x/2), from Pranptz; T. II: graphs 
of J,(x), form = +.5, +1.5, +6.5 and Tables for +n = .5(1)6.5, from Lommet 3; 
T. III: Jo, J: graphs and tables, abridged from BEssEL and MetssEt 1; T. IV: Zeros, 
Xn, Of Jo(x), and corresponding values of J:(x,), from WiILLSON and Petrce; T. V: 


Zeros, Xn, of Ji(x), and values of Jo(x,), from MEISSEL 2; value of 2 1/([x.Jo(x.)] 
n=l 


from RIEMANN & WEBER, Die partiellen Differential-Gleichungen der Math. Physik 
nach Riemann's Vorlesungen, v. 1, fourth ed. 1900, p. 477; fifth ed., 1910, p. 500; 
T. VI: graph, and Tables of Y(x), Y®(x), from B. A. Smitn 1; T. VII: Ko(x), 
K(x) from Apts 2 [who called them Go(x), Gi(x)]; T. VIII: Ko(x), Ki(x), from 
B. A. SmitH 2 [who called them kJo(x) — Yo(x), kJ:(x) — Yi(x)]; T. UX: Volx), 
Yi(x), tables and graph; T. X: zeros of Yo(x) and Yi(x), from KALAuNeE 3; T. XI: 
Io(x) = Jo(ix) from Apis 1; T. XII: Ii(x) = — 2J;(ix) from Lopce 2, Aunts 1; 
T. XIII: «Ho (tx) = — iHp®(—ix) = + iJo(rix) — Yo(+ix); —Hi(Gx) = 
— H,®(—ix) = — Ji(x) + i¥i(+ix); T. XIV: fieHo™ (ix), $4Hi™ (ix), [Ko(x), 
K,(x)], from Atpts 1; T. XV—XVI: Jo(xi*) [ber x, bei x], 24J:(xi#), tables and graphs 
from ALpis 2; T. XVII-XVIII: No(xi#) [Yo(xi#)], Ho (xi#), Hi™(xi#), tables and 
graphs; T. XIX: In(yx/2); T. XX: ber x, beix, ber’ x, bei’ x from MACLEAN 1; 
T. XXI: 4¢V—iJo(qV—1)/Ji(qV—3), from Macuean & Zennecx; T. XXII: 
BourcET; T. XXIII: J,(1) to J,(24), abridgment to 4S of MEtssEL 5, first printed 
in Gray & MatHeEws 1,; T. XXIV: J,(x), m = 0(1)11, graphs and tables from 
LopcE 1; T. XXV: zeros of In(x)Jn'(x) — Jn(x)In'(x), from ScuuLtzeE; T. XXVI- 
XXIX: roots of Jn(x) Yn(kx) — Jn(kx) Yn(x) = 0, and values of (k — 1)x™, from 
KALAHNE 2. Zeros of J3/2(x), and roots of cosh 2x cos 2x + 1 = 0 [or 

J4(x)I4(~) + 14(~)J_-y(x) = 0, etc.] p. 3. Tables of C(u), S(u) by IcNatowsky, 
p. 26. 

Errata: P. 106, zero of J_1/3(x), for 1.88, read 1.866350; p. 122, Ji(x:z), for .1010, 
read .1100 (see RMT 113); p. 137, 10 errors in signs in the imaginary parts from 
x = 5.1 tox = 6.0 inclusive; on p. 139, in the real part of x = 6, and on p. 140, in the 
real part of x = 2.4. (F. F. Bisacre, Phil. Mag., s. 6, v. 45, p. 1037-1038); p. 147, 
T. XXII (see MTAC, p. 160). In T. VII-VIII, 18 values of Ko(x), and 15 of Ki(x), 
differ by a unit in the last place; there are two cases of K(x) where the difference 
is two units. 


. Second (revised) edition, Leipzig and Berlin, 1933, p. 30-31, 192-318. 16 K 24.1 cm. 


{I-VIII, X, XI]. 
Tables: In what follows here no reference will be made to the 76 graphs and reliefs 
given in connection with the special tables of Bessel functions. T.[1]: J,(x), for 
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stm = .25(.25).75, 1.5(1)6.5; T.[2]: Jo(x), Ji(x); T.[3]: Zeros, x,, of Jo(x) and corre- 
sponding values of J:(x,); T.[4]: Zeros, x, of J:(x) and values of Jo(x,); T.[5-6]: 
first and second roots of J,(x) = 0; T.[7]: T. XXII of first ed.; T.[8]: J,(1) to 
J,(24); T.[9]: Ao(x) to As(x) by A. WALTHER, S. GRADSTEIN and K. HESSENBERG; 
T.[10]: No(x), Ni(x), [Yo(x), ¥i(x)]; T.[11 to 14]; roots of Jn(x) Yn(kx) 

—J,(kx) Y,(x) = 0; T.[15]: T. XI enlarged, and T. XII of 11; T.[16]: J,(x) 
for m = 0(1)11; zeros of J_,(ix), from Lopce 1; T.[17]: Zeros of In(x)Jn—1(x) 
+ Jn(x)In—1(x); T [18]: De1/3(x), I42/3(x) from DinniK 9; T.[19]: as in 1;, T.XII; and 
zero of H;®’(ri°), or of Hi®(z) = zHo®(z); T.[Z0]: ber x, bei x; T.[21]: ber’ x, bei’ x; 
T.[22]: ReHo™(xi#), ImHo™(xit); T.[23]: ReitHi™(xi#) = — dReHo™ (xi) /dx, 
ImitH,® (xi#) = — dImHo™(xi4)/dx; T.[24]: 2*/2J,,(xi?) = un + iv, [ber x, bei x, 
ber’ x, bei’ x]; i*/?H,©(xi#) = Un + iVn; T.[25]: J(rit) = 018 and H™(rit) = hi?; 
T.[26]: Jo(ri#): Ji(ri#) and Hy (ri4#): H,™ (rit). Tables of Icnatowsky, p. 109. 
Errata: P. 237, n = 17, Ji(xn), for 0.1010, read 0.1100; p. 239, see MTE 21; p. 248, 
J,(21), for —0.3175, read —0.03175; p. 285, see DinniK 9. 

1, — 1,. Third (revised) edition, Leipzig and Berlin, 1938, p. 126-228. Fourth ed. 1940; 
fifth ed., 1943 see RMT 113. 15.3 X 22.8 cm. [I-XI]. 

Tables: In what follows here no reference will be made to the 81 graphs and reliefs 
in connection with the special tables of Bessel Functions. P. 154-155: Ja(x) for 
skn = .5(1)6.5; p. 156-163: Jo(x), Ji(x); p. 164: J,(x) for +n = .25, .75; p. 166: 
zeros of Jo(x) and Ji(x) and the corresponding values of Ji(x) and Jo(x); p. 167: 
first and second zeros of J,,(x); p. 168: 54 roots of Jp(x) = 0, T. XXII of first edition 
and 7 of second; p. 171-179: J,(1) to J,(29), the J,(25)—J,(29) having been calcu- 
lated by M. J. prToro; p. 180-206: as in T.[9j-(14] of 12; p. 212-217: Lommel-Weber 
Functions Q(x), (x); p. 218-223; Struve function So(x), Si(x); p. 226-229: 
as in T. XI—-XII of 11; p. 232-233: as in T.16 of 12; p. 234: zeros of 

In(ix)In' (x) — tIn(x) Jn’ (ix); p. 235-267: as in T.18-26 of 12. Tables of IGNATowsKy, 
p. 34. 

Errata: P. 166, m = 17, Ji(xn), for .1010, read .1100; p. 168, see MTE 21; p. 177 
Jq(21), for —0.3175; read —0.03175; p. 164, 235, see DinnixK 8 and 9. 

1s. New York, Dover Publications, 1945. Revised by the correction of nearly 400 

errors, and the addition to the Bibliography of 40 new titles. 

J. JAw, see ERTEL 
H. JEFFReys, see BAASMTC 8 
S. JoHNston, see BAASMTC 9, HarTREE 
C. W. Jongs, see BAASMTC 9 
W. F. DEJoNnG, see BouMAN 
J. JOUBERT, see MACLEAN 
H. Kapen & H. KAUFMANN 

1. Elek. Nach. Tech., v. 15, 1938, graph p. 211. [XI]. 
A. KALAHNE 

1, Amnnalen d. Physik, s. 4, v. 19, 1906, p. 88-89, 92-94. [I, II, IV]. 

2. Z. Math. Phys., v. 54, p. 68-85, 1906, [I, II, IV]. Tables on p. 68, 69, 81, and a fig. 
on p. 79 are reproduced in JAHNKE & EmpE, 1:-15; seven errors 15 (p. 204-206) have 
been corrected in 1¢. 

3. Grundziige der Mathematisch-physikalischen Akustik, v. 2, Leipzig and Berlin, 1913, 
graphs, p. 161-162. [I, II]. 

4. Annalen d. Physik, s. 4, v. 46, 1915, p. 36-37. [IT]. 

J. C. Kapreyn & P. J. vAN RAIJN 
1;. Groningen, Steerekundig Laboratorium, Publications, no. 30, 1920, p. 63. [III]. 
12. Smart 1, p. 219. 

K. Karas 

1. Z. angew. Math. Mech., v. 16, 1937, p. 249-251. [V, VI]. 

Tables: T. 1: Jac2ra(x), Vaeosa(x); T. 2: Tacrsa(x), Varra(x); T. 3: Tcara(x), Yassa(x). 
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Errata: The NYMTP has checked the entries for J.2/2(x), Jacsss(x), and Jas4(x), 
and submitted to us a list of 108 errors, 90 of a unit in the last decimal place and 18 
of two or more units. The worst errors are the following: Ji;4(7.9), for .2591, read 
-2582; Jisa(8), for .2449, read .2436; J_1;4(0.2) for 1.4310, read 1.4319; J_s;,(0.7), 
for .3277, read .3234. 
H. KAUFMANN, see KADEN 
G. KENNEDY, see PROUDMAN 
A. E. KENNELLY, F. A. Laws, & P. H. Prerce 
1,. A.L.E.E., Trans., v. 34, 1915, p. 1994-1999, [XI]. 
12. A.L.E.E., Proc., v. 34, 1915, p. 1790-1795. 
J. KERN 
1. Annalen d. Physik, s. 4, v. 42, 1913, p. 475-477. [I]. 
I. Kruura, see SAKURABA 
L. V. Kinc 
1. R. So. London, Trans., v. 214A, 1914, p. 412-413. [III, X]. 
G. KIRCHHOFF 

1,. J. f. d. reine u. angew. Math., v. 40, 1850, p. 85. [IIT]. 

12. Gesammelte Abhandlungen, Leipzig, 1882, p. 276. From the solutions log (}x)*, to 
5D, of Kirchhoff’s equation, for ¢ = 1/4 and 1/3, Prescott, p. 597 gave the values 
of x‘, to 5S. 

2:1. Annalen d. Physik, v. 81, 1850, p. 260. [III]. This article is a resumé of 1; but con- 
tains more detailed numerical results and still further theoretical calculations. 
The table for ¢ = 1/4 is reprinted in ScHULZE, p. 799. 

22. Gesammelte Abhandlungen, p. 282. 

W. J. Kirxuam, see H. T. Davis 
H. KLEINERT 
1. o Zur Theorie des Purpurlichtes, Diss. Bern, 1921. [IV]. Also BLUMER 2, p. 309. 
H. KOHLER 
1. Arkiv f. mat. o. Fysik, v. 24A, no. 9, 1934, p. 24. [I]. 
K. M. KoHwLerR 

1. Ms. table of yer:(x) real part of Yi(xV—i), and of yei:(x) the imaginary part, 
for x = [0(.2)6; 5D], with curves, in the Institute for applied Math., Univ. Berlin. 
(R. v. Mises, Verzeichnis berechneter Funktionentafeln, part 1, Berlin, 1928, p. 19.) 
[XT]. 

H. Koun 
1. Physikal. Z., v. 15, 1%i4, p. 104, tables and graphs. [IIT]. 
V. A. Koupinsky, see Fox 
H. A. Kramers (see also HELD) 
1. Phil. Mag., s. 6, v. 46, 1923, graphs p. 847, 851. [V]. 
H. G. KtssneEr 

1,. Luftfahrtforschung, v. 17, 1940, p. 374, 376, 378. [III, X]. 

12. English translation, Nat. Advisory Comm. f. Aeronautics, Techn. Memorandums, 
no. 979, 1941, tables on plate facing p. [28]. 

J. W. Lasus 

1. Institute of Radio Engineers, Proc., v. 23, 1935, graph, p. 941. [X]. 
R. LADENBURG & F. REICHE 

1. Annalen d. Physik, s. 4, v. 42, 1913, p. 202-203. [III]. 
H. Lams 

1. London Math. So., Proc., v. 13, 1882, p. 197. [IV]. 

2. R. So. London, Trans., v. 174, p. 530, 1883. [IV]. 

3,. London Math. So., Proc., v. 15, 1884, p. 143. [I]. 

32. THOMSON, p. 357. 

4. London Math. So., Proc., v. 15, 1884, p. 272. [I]. 
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5. London Math. So., Proc., s. 2, v. 2, 1904, p. 393-396, graphs, p. 397-400. [XII]. 
6. R. So. London, Prac., v. 84A, 1910, p. 565. [I]. 
7. R. So. London, Proc., v. 93A, 1917, p. 303-304, 309. [X]. 
. E. Lams, see NorDSIECK 
. LAsKa, see LOMMEL, STOKES 
. A. Laws, see KENNELLY 
. LEE, see HAWKINS 
. H. LEHMER 
1. MTAC, v. 1, 1944, p. 135. [IIT]. 
Erratum: I100(75) is here given to 10D. J. C. P. M1LLer has shown that the result, 
incorrect after 3D, should be 134001.44891 20951 594. Details in this regard appear 
in our next issue. 
2. MTAC, v. 1, 1944, p. 196. [V]. 
A. LEVASSEUR 
1. J. Physique et Radium, s. 7, v. 1, 1930, p. 96. [XI]. 
A. LopGE 

1;. B.A.A.S., Report, 1889, p. 28-32. [III]. Compare Dwicur 5 and JAHNKE & Empe 1). 
An abridgment in DALE, p. 82, IsHERWooD, and TAKAGI, p. 76. 

1p. Gray & MATHEWS 1), T. VI; 12, T. IX. 

2:. B.A.A.S., Report, 1893, p. 227-279. [III, XI]. 

22. Gray & MATHEWS 1), T. IV; 12, T. VI. 

3. B.A.A.S., Report, 1896, p. 99-149. [III]. 

4. BA.ASS., Report, 1907, p. 94-95. [II, III, IV]. 

5. B.A.A\S., Report, 1909, p. 33, 35. [II, IV]. 

E. C. J. v. LoMMeEt (see also P. A. HANSEN) 

1. Z. Math. Phys., v. 15, 1870, p. 151-155, 164-169. [I]. Among various tables here 
given is one, of the values of the first six zeros of J:(x), which is also given, in ab- 
breviated form in W. LAsxa, Sammlung von Formeln der reinen und angewandten 
Mathematik, zweite Lieferung, Brunswick, 1889, p. 390. 

2. Bayer. Akad. d. Wissen., math. natw. Abt., Abh., v. 15, 1886, p. 312-315, 323, 328, 
{I, XII]. The 6-place table of j2,., on p. 315 (in somewhat abbreviated form on p. 167 
of no. 1, 1870) has been also reproduced in Gray & MATHEWS 1), p. 180; 12, p. 192. 
The whole table of j2./x, 2J:(j2,s)/j2,s, 4J1?(j2,s)/j*2,. is reproduced in E. E. N. 
Mascart, Traité d’Optique, v. 3, Paris, 1893, p. 668. 

Errata: Comparison of the table of j2,. with WATSON 3, p. 749 shows that, for the 
first 4 values of s, the last digits are in error by 8 to 16 units. There are corresponding 
errors in the table for j2,./7. 

3. Bayer. Akad. d. Wissen., math. natw. Abt., Abh., v. 15, 1886, p. 644-651. [IV, X, XII]. 
Errata: Arey 26 pointed out the unreliability of LomMEL 3, p. 648 (S(u) and C(u)) 
in last figures. Comparison with AIREY up to x = 20, showed 14 errors in LOMMEL, 
two of them serious: x = .2, for 0.023788, read 0.023720; x = 1.5, for 0.415348, read 
0.415483; 9 of the errors were unit errors in the last figure [at x = 15, 15.5, 17.5 in 
C(u); and at x = 15.5, 13.5, 12, 11.5, 8, 6.5 in S(u). 

J. W. WrENcH, Jr. recalculated, to 8D, the rest of the table, 20 =x = 50. He 
found that of the 18 further errors 17 were unit errors in the last figure and one of 
2 units—in C(u), x = 47.5, for 479313, read 479311. The 17 unit errors are in 
C(u), x = 20.5, 21, 21.5, 25.5, 34, 34.5, 38.5, 48.5; and in S(u), x = 20.5, 21, 24, 
28.5, 34, 36.5, 39.5, 40.5, 44.5. Practically all errors noted throughout the table, in- 
cluding the worst ones, are also to be found in Watson 3, which reproduces this table. 
A. N. Lowan, see BAASMTC 8, Dinnik 11, and NYMTP 
A. N. Lowan & M. ABRAMOWITZ 
1. J. Math. Physics, M.1.T., v. 22, 1943, p. 3-12. [X]. 
A. N. Lowan, G. Blanco, & M. ABRAMOWITZ 
1. J. Math. Physics, v. 22, 1943, p. 54-56. [X]. 
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A. N. Lowan & A. P. H1LLMAN 

1. J. Math. Phys., M.I.T., v. 22, 1943, p. 208-209. [II]. This publication was first 
distributed in 1941 by the NYMTP as a 2-sheet hectograph Short Table, in size 
20.4 X 26.8 cm. 

A. N. Lowan & W. HoRENSTEIN 

1. J. Math. Phys., M.1.T., v. 21, 1942, p. 273-274. [IV]. 

A. E. Lupiam, see ToPpPING 

F. Lipr ; 

1. Helvetica Physica Acta, v. 9, 1936, graph p. 667. [I]. 

H. M. MacponaLp 

1;. R. So. London, Proc., v. 90A, 1914, p. 54. [V]. 

12. G. N. Watson, R. So. London, Proc., v. 95A, 1918, p. 96. 

N. W. McLacaLan 

1. Phil. Mag., s. 7, v. 7, 1929, graph p. 1023. [IX]. 

2. Bessel Functions for Engineers, Oxford, Clarendon Press, 1934, p. 17, 173-183, 

graphs p. 9, 21 and 50. (I-III, IX, XI]. 
Tables: p. 173-183: T. 1: Jo(x); T. 2: Ji(x); T. 3: Yo(x); T. 4: Vix); T. 5: Ja(x), 
n = 2, 3,4; T. 6: Ho(x); T. 7: Hi(x); T. 8: ber x, bei x; T. 9: ber’ x, bei’ x; T. 10: 
ker x, kei x; T. 11: ker’ x, kei’ x; T. 12: ber, x, bein x, bern’ x, bein’ x; T. 13: ker, x, 
kein x, kern’ x, kein’ x; T. 14: ber x + i beix = Molx)e“™; T. 15: ber; x + i bei x 
= My(x)e", 

N. W. McLacaian & A. L. MEYERS 

1. Phil. Mag., s. 7, v. 18, 1934, p. 621-624, tables checked by L. J. Comrie. [XI]. 

N. W. McLacaian & G. A. V. SowrerR 

1. Phil. Mag., s. 7, v. 11, 1931, p. 53-54. [I, EX]. 

M. MACLEAN (see also FLEMING) 

1,. Institution Electr. Engineers, J., v. 18, 1889, p. 36. [XI]. 

12. W. THomson, Math. Phys. Papers, Cambridge, Univ. Press, v. 3, 1890, p. 493. In 
this reprint are 24 changes of numbers in the original table besides the addition of 
the values of the 6 functions for 30, and of W/V for «. 

1;. E. E. N. Mascart & J. JouBert, Lecons sur I’ Electricité et le Magnétisme, second ed., 
Paris, v. 1, 1896, p. 718; a reprint of 12 omitting W/V, with 3 changes none of which 
is correct. 

. Abridgement, ber x, bei x, ber’ x, bei’ x, with additional errors, JAHNKE & Empe 1), 
1909, p. 146, and WEINREICH, p. 46. 

. Reprint from 12 of tables of ber’ x, bei’ x, to 4S, with 10 changes (x = 5 to 30), 
5 correct, 5 incorrect: A. RUSSELL, A Treatise on the Theory of Alternating Currents, 
v. 1, Cambridge, Univ. Press, second ed., 1914, p. 231. The accuracy of Maclean’s 
Table was discussed by RussELL in Phil. Mag., s. 6, v. 17, 1909, p. 533-535; and in 
Phy. So. London, Proc., v. 21, 1910, p. 591-593. 

Errata: This table of MACLEAN has been completely recalculated and checked by 
J. W. WrENcH, Jr. who has made the following report on the 41 errors in the table 
as published in 12 above: 

ber g: unit errors in last digits at g = 2.5, 5.5; g = 20, for 47489.2 read 47489.4; 

q = 30, for — 39630000, read —46117603 
bei g: unit errors at g = 2.5, 3.5, 4.5, 20; g = 5.5, for —2.7902, read —2.7890; 

q = 30, for 110240000, read 109955713 
ber’ g:¢ = 5, for —3.8442, read —3.8453; ¢ = 8, for 38.294, read 38.311; q = 10, for 

51.207, read 51.195; g = 15, for 91.061, read 91.055; g = 30, for — 109330000, 

read — 109598679 
bei’ g: unit errors at g = 10, 20; g = 5, for --4.3538, read —4.3541; g = 8, for 

—7.6615, read —7.6603; ¢ = 30, for 45980000, read 43292237 
W/V: unit errors at g = 5, 10; g = .5, for 4.0000, read 4.0013; g = 1, for 2.0113, 
read 2.0104; g = 2, for 1.0805, read 1.0782; g = 2.5, for .9398, read .9403; q = 8, 
for .7739, read .7736; q = 30, for .7251, read .7241 
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xW/2V: unit errors at g = 3, 4, 5.5, 6, 15; g = .5, for 1.0000, read 1.0003; g = 1, 
for 1.0056, read 1.0052; g = 2, for 1.0805, read 1.0782; g = 2.5, for 1.1747, 
read 1.1754; q = 5, for 2.0430, read 2.0427; g = 8, for 3.0956, read 3.0944; 
q = 10, for 3.7980, read 3.7986; q = 30, for 10.8765, read 10.8610. 
Editorial Note: Russell’s discussions referred to above present extraordinary mis- 
representations later accepted by many people. He suggests that Maclean’s tables 
in 1, and 12 are identical and consistently quotes the results only as in 1,! He 
misrepresents also by introducing results of Mascart & JouBERT. Of his 12 
calculated values of ber x, beix, ber’ x, bei’ x (x = 10, 15, 20) 10 are incorrect. 
In conclusion it may be put on record that WrENcH found the following results: 
ber 15 — 2967.254531, bei 15 = — 2952.707888, ber’ 15 = 91.05533129, 
bei’ 15 — 4087.7552386 
M. MAcLEAN & J. ZENNECK 
1, T. XXI, p. 147, in JAnNKE & Empe 1;. The function tabulated is the reciprocal of 
that tabulated by W. Fiscuer. [XI]. 
A. R. McLreop 
1. Phil. Mag., s. 6, v. 37, 1919, p. 140-143. [I]. 
T. M. MacRosert, see Gray & MATHEWS 
I. MALKIN 
1. Franklin Inst., J., v. 234, 1942, p. 368. [III]. 
N. N. MaLtow 
1. Acad. Sci. U.S.SR., J. of Physics, v. 4, 1941, p. 476. [I]. 
E. E. N. Mascart (see also LoMMEL, MACLEAN) 
1;. Traité d'Optique, Paris, v. 1, 1889, p. 310-312, 397, 408. [I, V]. 
12. MaAscartT here reproduces the following tables: Arry 2 (p. 310); ScHwERD (p. 311); 
Arry 5 (p. 397); RAYLEIGH 4 (p. 408). 
H. S. W. Massey, see D. R. BATES 
MATHEMATICAL TABLES Project, New York, see NEw YorK, MATHEMATICAL TABLES 
PROJECT 
G. B. MATHEWs, see GRAY 
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Errata: J. C. P. MILLER found that the table was not wholly reliable. 
H. NAGAOKA 
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32. Handbuch der Astrophysik, v. 21, Grundlagen der Astrophysik, part 2,, Berlin, 1929, 


“Theoretische Photometrie,’’ by E. SCHOENBERG, p. 122, 123, 125 (T. I-III, VII of 
NAGAOKA). 


H. A. NANCARROW 


1. 


Phys. So., Proc., v. 45, 1933, p. 465, graphs p. 466-468. [I]. This title was suggested 
by the Liverpool Index. 


J. NAYLER, see BICKLEY 
NEw YorK MATHEMATICAL TABLES PROJECT = NYMTP = MATHEMATICAL TABLES 
Project, New York, ARNOLD N. Lowa\, technical director (see also Lowan & HILLMAn) 


1, 


4. 


A Short Table of Bessel Functions for Complex Arguments, New York, 1939, 6 leaves, 
21.5 X 33 cm., mimeographed on one leaf side. [I, III, XI]. 
Jo(re*®) = Uolr, 0) + iVo(r, 0), r = [0(1)10; 15D], @ = 0(5°)90°. 


. A Short Table of Spherical Bessel Functions to Five Significant Figures, New York, 


1940, 12 leaves, 21.5 X 33 cm., mimeographed on one leaf side. [IV]. 
jn(x) = [(#/2x)4Tn44(x), em = 1(1)10;% = [0(.1)10; 5S). 


. Table of the Bessel Functions Jo(z) and Ji(z) for Complex Arguments, New York, 


Columbia University Press, 1943, xliv, 403 p. 19.6 K 26.5 cm. [I, III, XI]. 

Tables: z = re”, r = [0(.01)10; 10D], @ = 0(5°)90°; table of five-point Lagrangean 
interpolation coefficients. See MTAC, p. 187-189. 

Errata: C. R. Cosens, of the University of Cambridge Engineering Laboratory, 


inted out that there are numerous errors in labelling the ‘‘Contour Lines’’ on 
po: g | 


p. xv, xvii. Details in this regard are given under MTE in MTAC no. 8, p. 326. 
“Table of f(x)[=An(x)] = n!(x/2)-*Jn(x),”’ J. Math. Physics, M.1.T., v. 23, 1944, 
p. 45-60. [VII]. 


The following Manuscripts are in possession of the Project (it is indicated when film 


5. 


10. 





copies are at Brown University) : 

Mss.—The first 18 derivatives with respect to r of Jo(z), and Ji(z), where z = re®, 
for r = 0(.1)10, @ = 0(5°)90°, to a number of places (varying from 8 to 15) ade- 
quate for subsequent subtabulation of the functions to about 12D. See MTAC, 
p. 163. [I, XI]. 


. Ms.—Table of Bessel Functions of the second kind Yo(z) and Y;(z) for complex 


arguments, z = re, r = [0(.01)10; 10D], @ = 0(5°)90°. 
Yo(ix) = (—2/mr)Ko(x) + iIo(x), YVilix) = — I(x) + i(2/r)Ki(x). See MTAC, 
p. 165. There is a film of this Ms. at Brown University. [II, III, XI]. 


. Ms.—The first 18 derivatives with respect to r of the functions 


So(z) = Yo(z) — (2/r)Jo(z)(In z + y), 2 = re®, and 

Si(z) = Vi(z) — (2/r)Ji(z)(In 2 + vy) + 2/22, r = 0(.1)10, 6 = 0(5°)90°. These de- 
rivatives are given to a number of places adequate for subsequent subtabulation of 
the functions to 12D. See MTAC, p. 164 [Xi]. 

Mss.—Tables of Ko(x) = Eo(x) + Fo(x) log x, Ki(x) = E(x)/x + F(x) log x, for 
x = [0(.01)5; 8S], with second differences for x > .3. For x < .3, the auxiliary func- 
tions Eo(x), E:(x), Fo(x), Fi(x) are also tabulated for x = 0(.001).03; and Ko(x) 
and K(x) for x = 0(.0001).03(.001)1. All entries are given to 7S with A*. See 
MTAC, p. 165. [IIT]. 


. Ms.—Table of Spherical Bessel Functions, j,(x) = (4/2x)*Jn44(x) for n = 0, +1, 


+2, ---, +21, x = [0(.01)10; 8S-10S] (later extended for » < — 21, n > + 21, 
x > 10), with second and fourth central differences. [IV]. There is a film of this at 
Brown University. See MTAC, p. 92-93. 

Mss.—Tables of Jn(x) and I,(x) form = +1/3, +2/3, +1/4, 43/4, x = [0(.01)25; 
10D]. Also the values of u,(x) and v,(x) in the asymptotic expansion of these func- 
tions in the form un(x) cos (cx—4nr—}r)+0,(x) sin (x—4}nxr—4r) for x ranging 
from 25 to about 30 000, at various intervals depending on the ease of interpolation, 
to 10D. There are also values of Ja.n(x) and I,,(x), for x = [10(1)25; 13D]; also for 
Tacn(x), x = [10, 11, 12, 13; 13S]. [V, VI]. See MTAC, p. 93. 
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11. Ms.—The first 15 derivatives of J,(x) and I,(x) form = +1/3, +2/3, +1/4, +3/4, 
and x = [10(.1)25; 13D]. These derivatives are given to a number of places ade- 
quate for the subsequent subtabulation of the functions to about 12D or 12S. 
[V, VI]. See MTAC, p. 93, 163. 

12. The first 8 zeros of J,(x) for m = +1/3, +2/3, +1/4, +3/4, to 10D. [V, VI]. 
There are films of most of the mss. nos. 10-12 at Brown University. 

13. Mss.—The first 18 derivatives of x~*J,(x) and x~*I,(x) for » = +1/3, +2/3, 
+1/4, +3/4, and x = 0(.1)10. These derivatives are given to a number of places 
adequate for the subsequent subtabulation of the functions to about 12D. [V, VI]. 
See MTAC, p. 163. 
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1g. HAyAsHi 2, p. 111-118. 
O. ScHLémitcH, see P. A. HANSEN 
H. Scumick 
1. Z. tech. Physik, v. 6, 1925, p. 367-368. [I]. 
E. SCHOENBERG, see NAGAOKA, STRUVE 
J. F. ScHouTEN 
1. Physica, v. 7, 1940, p. 109. [I]. 
E. ScHRODINGER ; 
1. Annalen d. Physik, s. 4, v. 44, 1914, graph, p. 923. [I]. 
O. T. ScHuULTz, see OLSON 
F, A. ScHuLzE (see also KIRCHHOFF) 
1;. Annalen d. Physik, s. 4, v. 24, 1907, p. 790. Of the 10 roots of the Kirchhoff equation 
(o = 1) here given, the first 2(7 = 0) were given by RAYLEIGH, Theory of Sound, 
second ed., v. 1, 1894, p. 367. [III]. 
12. JAHNKE & EMDE 1, (p. 160), 12 (p. 283), 13—-15(p. 234). 
Errata: 8 errors of the table have been corrected in JAHNKE & EMDE 1g (p. 234). 
T. E. W. ScouMANN 
1. Franklin Inst., J., v. 208, 1929, graphs, p. 412-413. [VIII]. 
L. ScHWARZ 
1. Luftfahriforschung, v. 20, 1944, p. 352-372, graphs, p. 351. [X]. 
F. M. ScHWERD 
1,. Die Beugungserscheinungen aus den Fundamentalgesetzen der Undulationstheorie, 
analytisch entwickelt und in Bildern dargestellt, Mannheim, 1835, p. 70, [146]. [I]. 
12. Mascart, 1889, p. 311-312. 
1;. PERNTER, 1906, p. 441-442. 
W. R. SEARS 
1. Franklin Inst., J., v. 230, 1940, p. 106-107. [X]. 
H. SEELIGER 
1. Bayer. Akad. d. Wissen, math.-natw. Abt., Abh., v. 19, 1897, p. 447-448. [X]. 
R. SEELIGER, see OLLENDORFF. 
W. SEITz 
1. Annalen d. Physik, s. 4, v. 16, 1905, p. 753-4, 758, 765. [I, II, XI]. Corrections, v. 19, 
1906, p. 557-558. 
2. Annalen d. Physik, s. 4, v. 21, 1906, p. 1020-1022, 1024-1027. [XI]. 
L. SILBERSTEIN 
1. Phil. Mag., s. 6, v. 35, 1918, p. 45; graph p. 46. [IV, X]. This title was suggested by 
the Liverpool Index. 
W. M. Smart (see also EppINGTON, KAPTEYN) 
1. Stellar Dynamics, Cambridge, University Press, 1938, p. 43, 127. [III, IV]. This title 
was suggested by the Liverpool Index. 
B. A. Suita 
1;. Mess. Math., s. 2, v. 26, 1926, p. 98-101. [II]. The author states that error should be 
at most 2 units in the last place, but J. C. P. MILLER in the Liverpool Index states 
that this limit is exceeded when x = 8.5. 
1, JAHNKE & EmpeE 1), p. 124-125. 
21. Phil. Mag., s. 5, v. 45, 1898, p. 122, 123. [II]. The author states that there may be an 
error of i in the last place or possibly of 2 for x > 3 or 4. 
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22. JAHNKE & EmpE 1), p. 127-128. Between this table and the 4-place abridgement on 
p. 126 of a 21-place table of Apts there are 35 cases of contradictory values. 

3. A.S.C.E., Trans., v. 83, 1921, p. 2052-2055. [XI]. 

D. B. Smita, L. M. Ropcers & E. H. Traus 

1. Franklin Institute, J., v. 237, 1944, p. 302-303. [I]. Zeros of J,(x) and J,’(x); these 
tables are believed to be “accurate to the extent that the last figure is within plus 
or minus two of the correct value” (p. 303). 

G. A. V. SowTer, see MCLACHLAN 
F, STADIE 
1. Annalen d. Physik, s. 4, v. 86, 1928, p. 775. [I]. 
G. STEIC 
1. Am. J. Math., v. 38, 1916, p. 107. [X]. 
J. STEINER 

11. Mat. és Termés. Ertesité, v. 12, 1893, p. 47, 49, 53-55. [I, X]. 

12. German transl. Math. naturw. Berichte a. Ungarn, v. 1, 1894, p. 366, 367, 372, 373. 
Errata: P. 54, for x < 25.5; J:(20.1) = + 0.082801, J:(23) = — 0.039519; his 
second table should be used with caution. Liverpool Index. 

H. STENZEL 

1. Elek. Nach. Techn., v. 15, 1938, p. 73-75, graphs, p. 72. [IV]. 

2. Leitfaden zur Berechnung von Schallvorgéngen, Berlin, Springer, 1939, p. 115-120. [X]. 
M. A. STERN 

1. J.f.d. reine u. angew. Math., v. 22, 1841, p. 29, 34-35. [IV]. 
G. S. STEWARD 

1. R. So. London, Trans., v. 225A, 1926, p. 149, 157, 171, and graph, p. 184. [I, V, X]. 
J. K. Stewart, see COLWELL 
G. G. StoKEs 

1,;. Cambr. Phil. So., Trans., v. 9, part 1, 1851, p. 181, 184, 186. [I, V]. 

12. Mathematical and Physical Papers, v. 2, Cambridge, Univ. Press, 1883, p. 349, 353, 
355. Of the tables of zeros of A(m) and A’(m), p. 181 (349), Mascart reproduces 
the following zeros of A(m): s = 1(1)10(2)14(3)20(5)50, and all 10 zeros of A’(m); 
PERNTER, p. 517, reproduces the first 10 zeros of both A(m) and A’(m) and adds, 
to 3D, the first 10 maxima of A*(m). Stokes’s table of x,/z, and x,’/, p. 186 (355), 
is reproduced in RAYLEIGH, Theory of Sound, London, v. 1, 1877, p. 274 (German ed., 
Brunswick, 1879, p. 363); second ed., 1894, and reprints of 1926, 1929, 1940, p. 330. 
This table is also in ByERLyY 1, p. 286; in DALE, p. 83; and in W. LAska, Sammlung 
von Formeln der reinen und angewandten Mathematik, zweite Lieferung, Brunswick, 
1889, p. 390. 

M. J. O. Strutt 
1. Annalen d. Physik, s. 4, v. 82, 1927, graphs p. 610, 615. [XI]. 
2. Archiv f. Elektrotechnik, v. 19, 1928, p. 429. [XI]. 

H. StrRuvE 

1. Annalen d. Physik, s. 2, v. 15, 1882, p. 80. [XII]. This paper is an extract of a disser- 
tation, Univ. of Dorpat, 1881. 

2;. Akad. Nauk, Leningrad, Mémoires, s. 7, v. 30, no. 8, 1882, p. 35-36, 54-55. [X]. 

22. Annalen der Physik, s. 2, v. 17, 1882, p. 1016; one of the tables in 21. 

23. Partially reprinted table of 22 in Gray & MATHEWS 1; (p. 207), and 12 (p. 218). 

2,4. Handbuch der Astrophysik, v. 21, Grundlagen der Astrophysik, part 2:, Berlin, 1929; 
“Theoretische photometrie” by E. SCHOENBERG, p. 117, 118. 

P. SzyMANSKI 
1. Journ. de Math., s. 9, v. 11, 1932, p. 90. [XII]. 
M. Taxaai (see also LopGE) 

1. Téhoku Imp. Univ., Science Reports, s. 1 (Mathematics, Physics, Chemistry), 

v. 28, 1939, p. 76-84. [III]. See MTAC, p. 321. 
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S. TAKAYA 
1. Imperial Marine Observatory, Kobe, Japan, Memoirs, v. 4, no. 1, 1930, p. 8-9, 
11-12, 14. [XI]. 
K. TERAZAWA 
1. R. So. London, Proc., v. 92A, 1916, p. 77-80. [XII]. 
G. S. TERRY 
1. Duodecimal Arithmetic, London, New York, Toronto, Longmans, Green, 1938, 
p. 396-399. 23.8 X 29.2 cm. [I, IV]. 
G. THILO 
1. Annalen d. Physik, s. 4, v. 62, 1920, p. 552-568. [I, IT]. 
A. J. THompson, see BAASMTC 4 
J. J. THoMson (see also BouRGET) 
1. Notes on Recent Researches in Electricity and Magnetism, Oxford, 1893, p. 276, 347, 
353, 357. [I, XI]. The table on p. 276 is reproduced in Gray & MATHEWS 1), p. 155; 
1:, p. 170; that on p. 347 from RAyLeEIcH, Theory of Sound, v. 2, London, 1878, 
p. 266; that on p. 357 from Lams 3. 
B. THURING 
1. Astr. Nach., v. 235, 1929, cols. 49-51. [I]. 
H. W. Tosey, see HAWKINS 
T. Tosust, see OKAYA 
F, T6LKE 
1. Besselsche und Hankelsche Zylinderfunktionen nullter bis dritter Ordnung vom Argu- 
ment rvi, Stuttgart, Wittwer, 1936, 92 p. 17.7 X 25.1 cm. [XI]. 
Tables: ber x (Joi), bei x (Joz), ber’ x, bei’ x, bere x, beizx, — (bers x + bei; x) /2}, 
and 8 corresponding forms for the ker and kei functions. 
Errata: The following report on some errors in Jo; and Jo2: was prepared by H. E. 
SALZER and E. Isaacson: The values of these functions are identical with the real 
and imaginary parts of Jo(z) along the 45° ray. ToOELKE'’s values, which are tabu- 
lated up to r = 21 to 4S (in a few places, to 3S), were proofread as far as r = 10 
against the NYMTP 10-decimal manuscript of Jo(z). The last significant figure 
was found to be incorrect by a unit (this includes doubtful roundings) for 55 values 
of Joi, and 76 values of Joe. In addition, the following errors of more than a unit 
in the last figure were found for Jo. and Jo. 


Jo Joe 
r for read r for read 
7.21 —0.5029 — 0.5034 6.22 9.888 9.890 
7.22 — 0.3303 — 0.3309 7.56 29.97 29.99 
7.23 —0.1556 —0.1562 8.65 33.56 33.54 
7.24 0.0213 0.0208 9.32 9.197 9.195 
7.25 0.2006 0.2001 9.36 6.657 6.655 
7.26 0.3821 0.3816 9.41 3.276 3.274 
7.27 0.5661 0.5655 9.42 2.572 2.570 
7.28 0.7520 0.7516 9.45 0.4014 0.4003 
7.29 0.9404 0.9400 9.46 — 0.3414 — 0.3423 
7.37 2.530 2.533 9.48 — 1.855 — 1.857 
9.54 — 6.636 — 6.638 
9.55 —7.469 —7A471 
9.62 — 13.57 — 13.59 


J. Toprinc & A. E. LupLam 
1. R. So. London, Trans., v. 226A, 1927, p. 135-155. [III]. 
M. J. piIToRo, see JAHNKE & EMDE 13. 
E. H. Traus, see D. B. Suita 
R. TRUELL 
1. J. Applied Physics, v. 14, 1943, graphs p. 351-352. [II]. 
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F. J. Turton 
1. Phil. Mag., s. 7, v. 32, 1941, p. 465-466. [I]. 
A. TVERITIN 
1. Ms. table of J2(x) for x = [.01(.01)10; 5D] at Dnepropetrovsk (Ekaterinoslav). 
A copy was at the Institute for Applied Mathematics, University of Berlin. Listed 
in R. v. Mises, Verzeichnis berechneter Funktionentafeln, part 1, Berlin, 1928, 
p. 11. [I, IT]. 
G. E. UBLENBECK, see NORDSIECK 
A. WAGNER 
1. Beitrége zur Geophysik, v. 24, 1930, p. 395, 399-400, 409. [III, X]. 
A. WALTHER, see JAHNKE & EMDE 
G. WANNIER 
1. Annalen d. Physik, s. 5, v. 24, 1935, p. 575, 579, graph, p. 577. [IV, XII]. 
P. F. Warp 
1. Phil. Mag., s. 6, v. 25, 1913, p. 90. [I, IIT]. 
G. N. Watson (see also MACDONALD) 
1. R. So. London, Proc., v. 94A, 1918, p. 193, 204-205. [I, V]. 
2. Phil. Mag., s. 6, v. 35, 1918, p. 369. [X]. 
3. A Treatise on the Theory of Bessel Functions, Cambridge, University Press, 1922. 
Tabulation of Bessel Functions, p. 654-752. [I-V, IX, X]. Amer. ed., N. Y., 1944. 
Tables: T. I: Jo(x), Yo(x), |Ho™(x)|, arg Ho™(x), Ho(x), Ji(x), Vix), |Hi™(x)|, 
arg Hi™(x), Hi(x); T. Il: e*Io(x), e*i(x), e*Ko(x), eKi(x), &; T. U1: Jisa(x), 
Visa(x), |H{R(x)|, arg HER (x), #Kia(x); T. IV: Jn(x), m = 1-20 (from Lome 2 
with corrections); Y,(x), m = 1-13; e=I,(x), m = 2-5; K.(x), m = 0-10; T. V: 
SJ x(n49)(%); 4 J ‘4 J.4(t)dt (almost wholly from Lome: 3, with corrections) ; T. VI: 
J,(n), n*J,(n), Jn'(m), n**J,'(n), —Ya(n), —n*Y,(n), Ya'(n), n™*¥,'(n); 
T. VII: Zeros of J,(x) (xs, xs’, from WILLSON and Petrce), Y,(x), 2 = 0-5, +1/3; 
and of J_sa(x) + Jaya(x); T. VIII: 4 ir Jo(t)dt, 4 J * Vo(t)dt. 
Errata: In T. I, Yi(2.96), for .3136280, read .3136281; and in T. II, at x = .14, 
there are two errors, namely: in e*Ko(x) for 2.4122685, read 2.4123173; in eKi(x), 
for 8.0076828, read 8.0076794 (BAASMTC 1, p. xvii). For various errors in T. V, 
see LOMMEL 3. Some errors are corrected in the Amer. ed. 
4. R. So. London, Proc., v. 130A, 1930, p. 37. [X]. 
5. Accad. d. Lincei, Rendiconti, cl. d. Sci., s. 6, v. 27, 1938, p. 525-528. [IT]. 
H. A. Wess & J. R. ArrEY 
1, Phil. Mag., s. 6, v. 36, 1918, p. 138-141. [IIT]. 
H. M. WEBER, see RIEMANN 
A. G. WEBSTER 
1,. B.A.A.S., Report, 1912, p. 57-68. [XI]. 
12. DwiGur 1, 12, 13. 
Errata: corrections of 36 entries for bei’ x are given (to 6D instead of 9D) by 
SAVIDGE 3, p. 122. Webster’s bei’ 3.7 should be 0.131 486 760 and bei 8.9 should be 
— 28. 002 867 538 (Dwicurt 4, p. 787). 
D. L. WEBSTER 
1. J. Appl. Physics, v. 10, 1939, graph, p. 504. [I]. 
A. M. WEINBERG 
1. Bull. Math. Biophysics, v. 3, 1941, p. 39-45. [IT]. 
W. WEINREICH 
1. Z. Math. Physik, v. 63, p. 46-47, 55-56, graph p. 57. 1914. [XI]. 
Errata: See MACLEAN. 
W. WEssEL 
1. Hochfrequenztechnik u. Elektroakustik, v. 54, 1939, p. 68. [XII]. 
A. WESTGREN 
1. Arkiv f. Matem., Astr. o. Fysik, v. 13, no. 14, 1918, p. 4-5. [III]. 
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F. WEvER, see W. FISCHER 
J. A. WHEELER, see Yost 
T. T. WHITEHEAD, see CHAPMAN 
R. W. Wiitson & B. O. PEIRCE 
1,;. Am. Math. So., Bull., v. 3, 1897, p. 153-155. [I]. x.; 10D, log x.; 10D, J:(x.); 8D, 
log | Ji(x.)|; 7D. 
1:. Gray & MatHeEws 12, T. III, p. 300, x., Ji(x.), s = 11-40. 
1;. Arrey 17, p. 241, reprint, to 7D, of x2, xs’, J:(xs), Jo(x.’), s = 1(1)40. 
1,. Watson 3, T. VII, p. 748, x, to 7D. 
Errata: In each of the printings (1:-13) there is an error in Ji(jo, 5), for +.07635 913, 
read +-.07636 383. (Davis & KIRKHAM, p. 760). 
J. R. Witton 
1. Mess. Math., s. 2, v. 56, 1927, p. 179. [X]. 
A. W. Witkowski 
1. Tablice Matematyczno-Fiszycene, Warsaw, 1904, p. 84-89. [I]. This title was sug- 
gested by the Liverpool Index. The copy inspected belonged to the Amer. Math. So.; 
a film copy is at Brown University. 
J. W. WRENCH JR., see BESSEL, COLWELL & Harpy, MACLEAN 
D. A. WRIGHT 
1. Phil. Mag., s. 7, v. 24, 1937, graphs, p. 11. [XI]. 
D. WrINcH 
1. R. So. London, Proc., v. 101A, 1922, p. 501, 505. [I, III]. Compare Atrey 2. 
H. E. H. Wrincy & D. M. Wrinca 
1. Phil. Mag., s. 6, v. 45, 1923, p. 847, 848. [III, IV]. 
2. Phil. Mag., s. 6, v. 47, 1924, p. 64, graphs, p. 65. [III, IV]. 
F. L. Yost, J. A. WHEELER & G. BrREIT 
1. Terrestrial Magnetism, v. 40, 1935, p. 446, plate 11. [IV]. This title was suggested 
by the Liverpool Index. 
2. Physical Review, s. 2, v. 49, 1936, p. 185. [III]. 
H. ZANSTRA 
1. Physica, v. 2, 1935, graphs, p. 818-819. [III]. 
J. ZENNECK (see also MACLEAN) 
1. Amnnalen d. Physik, s. 4, v. 11, 1903, p. 1138-1141. [XI]. 
F. ZERNIKE 
1. Physica, v. 1, 1934, graph p. 703. [I]. 


ADDENDA 


. 226, IMTAs, 17A. 5D; 4D, log [e~*Zo(x)], WAGNER, x = 0(.1)2(.2)4(.5)7(1)20; 25(5)65. 
. 246, add: IXAj, 15. 5D, log [(2/x) {2x — Hi(imx) — Ii(mx)}], MicHELL 2, m = 3(2)11, 
x/mw = [1(.1)2; 5D]. 
. 253: The Michell functions m, and ms are here expressed in terms of the ber and bei 
functions. The following results may be added (z = 2x}): 
xtms = (2 — 27) bei’ (2) — 4m ber’ (z) — 2 kei’ (z), 
xtm, = — 27 ber’ (z) + 4x bei’ (z) — 2 ker’ (z). 








CORRIGENDA 


. 137, 1. 4, for Ps(cos 7°), read P4(cos 70°). 

. 178, 1. 22, for r = e, read re*, 

. 180, 1. 13, read tan—x, x = [0.000(0.001) 1.000; 4D]; 1. 20, for 1-6S, read 7S, and for 5-7D, 
read 7D; 1. 21, for 2-7D, read 7D; 1. 32, for (0-1), read (0.1). 

. 191, 1. 5, for Macrobert's, read MacRobert'’s. 

. 194, MTE 29, last 1., for Ig (HANSEN), read It (HANSEN), 
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